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Abstract

The aim of this work is providing a suitable method based on the Theory of
Critical Distance (TCD) to estimate the fatigue life of notched components
in the presence of residual stress induced by the overload cycle. Presented
method is relied on a virtual stress field to equalize the effects of real stress
distribution in the hot spot around the notch root. This method is noted as
Equivalent Virtual Stress (EVS) method. The EVS method combined with
some versions of the TCD method, such as the Point Method (PM) and Line
Method (LM), were applied for two types of notched samples. Samples were
made with U- and V-notches with axial stress concentration factors as 2.45 and
5.55, respectively. The test material was AA 2024-T3 due to its considerable
resistance to fatigue failures. The PM was found more conservative, while LM
showed more accuracy, especially when the critical distance parameter locates
far from critical regions. A good agreement was observed between experimental
and predicted results.

Nomenclature
E Young’s modulus G(R) Multiplier function
LPM , LLM , L Characteristic lengths Nf Experimental number of failure cycles
Nf,p Predicted number of failure cycles R Stress ratio
Ry,eff Effective stress ratio in the loading direction Rnom Nominal stress ratio
r Distance from notch root Sy Yield strength
Su Tensile strength ∆Kth Threshold stress intensity factor
∆σ0 Endurance limit σ(r) Tangential stress component
σm Total mean stress σm0 Applied mean stress
σmax Maximum applied stress σy,res Residual stress in the loading direction
σmax,eff Maximum effective stress

1. Introduction

The stress concentrators are typically known as notches
in engineering design. Notches are dramatically effec-
tive in reducing the fatigue life of components. Due to

the complexity of components and structures, it is im-
possible to avoid notches entirely. On the other hand,
cracks can also be considered as sharp notches with
higher stress concentration factors. Therefore, studies
on the notch effects not only improve the design by
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reducing the fatigue failure effects but also can help
to better understand the fatigue crack growth mech-
anisms. The conventional method of study of notch
effects is based on the notch sensitivity and related
to correction coefficients. This method is described in
detail in the machine design handbook [1]. The estima-
tion methods of the notch sensitivity are explained in
the FKM guideline [2]. The notch sensitivity method
is based on empirical results, which cannot be consid-
ered adequate as an analytical method to investigate
the fatigue behavior of notched components, especially
when the geometry or stress distribution is more com-
plicated. Therefore, different theories were presented
in the last half-century to predict the fatigue life of the
notched components to reduce this complexity. Some
of these theories are explained and discussed in refer-
ence [3], proposing a virtual root radius based on the
effective notch stress theory for welded notched thin-
plates [4] or modified critical distance method for the
fatigue life of bolted joints [5]. By taking a look into
the current state of the art of the subject as reference
[6], it seems that the fatigue prediction methods based
on length parameter have attracted considerable atten-
tion in the last decades due to the ease in application
and accuracy of estimation. The first approaches were
taken by Neuber and Peterson as depicted in [7, 8].
Neuber’s method is based on the average stress at a
specific length on the notch center line, while Peterson
is more concerned about the stress at a particular dis-
tance from the notch root. These methods were refor-
mulated in recent years under the title of the Theory
of Critical Distance (TCD) [9, 10]. The TCD meth-
ods based on the stress at a point or along a line are
usually known as point method (PM) and line method
(LM), respectively. In both approaches, the critical
distance is assumed as a constant parameter which is
approximated by material properties [10]. It has re-
cently been shown that TCD can be employed with a
proper formulation for the study of low cycle fatigue
(LCF) problems [11].

The length parameter can also be considered depen-
dent on the stress distribution around the notch root
[12-14]. So the length parameter is not a material con-
stant and depends on the notch geometry and loading
conditions.

Despite many advantages of this approach, it seems
that the studies about length parameter as a material
constant are more practical in an engineering design
due to the considerable ease in the application.

This study tries to provide a suitable method to
apply the TCD when there are substantial scale of the
residual stress fields around the notch root. This type
of residual stress field is usually expected when the
specimen experiences some plastic deformations due to
different loadings such as a plastic overloading. For the
evaluation of the accuracy and reliability of the cur-
rent method, aluminum alloy AA 2024-T3 was used

for making the test samples. It is assumed that the
damage zone size in the fatigue mechanism depends on
the effective stress which includes the residual stress to
simplify the solution. It would be shown further that
this assumption is found strongly supported by reason-
able results of the macro-mechanical investigations.

2. Analytical Method

2.1. The Effect of the Residual Stress Field

The large scale residual stress fields appear after a plas-
tic overload around the notch root. Although the notch
affected zone is usually small, it cannot be ignored due
to the high compressive stress at the notch tip. For tak-
ing into account the effects of the residual stresses, it is
assumed that the residual stress in the loading direc-
tion (σy,res) can be represented as extra mean stress
in the fatigue loading in the presence of the applied
mean stress (σm0) [15]. Total mean stress (σm), can
be expressed mathematically as follows:

σm = σy,res + σm0 (1)
This definition at some particular points is so advan-
tageous because it brings the capability of engaged fa-
tigue mechanism to hot-spot point independently from
near points. Moreover, it can help to find the resultant
failure easily and quickly at a hot spot.

The effective stress ratio in the loading direction
(Ry,eff ) is introduced as the ratio of difference of min-
imum stress and mean stress to the difference of the
maximum stress and mean stress at each point by Eq.
(2).

Ry,eff =
σmin − σm

σmax − σm
(2)

According to this equation, the maximum effective
stress (σmax,eff ) is introduced as the difference be-
tween the maximum stress and effective mean stress
by Eq. (3).

σmax,eff = σmax − σm (3)
It must be noted that, the total mean stress (σm)

can be tensile or compressive depending on the interac-
tion of the applied mean and induced residual stresses
at the specified locations.

Eqs. (2) and (3) with Eq. (1) provide an effec-
tive engineering tool to predict the fatigue life in the
presence of the residual stress around the notch root.
However, there is an obstacle that prevents this method
from being applicable directly in the fatigue calcula-
tions of the notched components. Based on the defi-
nition for effective components in Eqs. 2 and 3, there
is no certain constant values for these parameters in
real samples for evaluation of the fatigue life. In fact,
each point on the structure has its own effective max-
imum stress and stress ratio. Nevertheless, we need to
obtain the minimum fatigue life of the whole structure
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by comparing the lives in all points. In this paper, it
is tried to introduce a simple method for finding the
minimum fatigue life and its location on the notched
samples, which can be generalized for real structures.
For applying this method directly, values of Ry,eff and
σmax,eff should be determined around the notch root
as the location of the crack initiation; however, the
stress value does not give reliable answers due to its
high gradients [16]. It is almost accepted that the lim-
ited areas or volumes around the notch root (known as
hot spots) are responsible for the fatigue calculations
[17]. As explained before, there are different definitions
for hot spots. Some of them depend on the material
properties, while others are more concerned with the
stress distributions. Both methods were reported to be
reliable and accurate in the proper applications.

2.2. Definitions of PM and LM

According to the comprehensive review on the fatigue
life modelling methods [6], it seems that the the re-
searchers tended more to deploy the methods based on
TCD due to its considerable easy usage with sufficient
accuracy that were reported after massive efforts on its
qualifying in the last decade [3, 18]. This feature made
the TCD a practical engineering tool that removes the
dominance of using the size effects. The most known
methods based on TCD are PM and LM that can be
expressed by Eqs. (4) and (5), respectively [3, 19, 20].

σeff = σ

(
r =

LPM

2

)
(4)

σeff =
1

2LLM

∫ 2LLM

r=0

σ(r)dr (5)

The LPM and LLM are length parameters of TCD in
PM and LM methods, r is the distance from notch root
and � is the tangential stress component.

There are different methods to define LPM and
LLM based on microstructure studies (like grains size
and boundaries) and micromechanics [10].

The general and practical approach used by several
investigations in the recent years is that these param-
eters are the same and can be presented by unique
characteristic length as L [10]:

LLM = LPM = L (6)

L can be computed by employing the linear elastic frac-
ture mechanics (LEFM) for a specific material by ap-
plying Eq. (7) with some improvement to increase the
prediction accuracy [3, 20].

L =
1

π

(
∆Kth

∆σ0

)2

(7)

in which, �∆Kth is the threshold stress intensity fac-
tor and ∆σ0 is the endurance or fatigue limit for the
smooth standard test specimen.

For applying TCD on notched components in the
presence of the residual stress field, the hot spot load-
ing conditions (σmax,eff , Ry,eff ) are equalized with the
unified loading condition with the similar number of
cycles to failure at a specific stress ratio. For instance,
assume applied fatigue load alongside induced residual
stress have the effective values as R1, σmax1 at the hot
spot location. The required equivalent stress with a
specified stress ratio (usually R = −1) can be found for
any values of the fatigue cycles from stress-life curves.

Therefore, this approach is not concerned with
stress value or stress ratio alone by fixing the other pa-
rameters similar to the conventional TCD. This equiv-
alent stress can be applied directly in the hot spot with
PM and LM methods to study the fatigue life from
the macro mechanistic point of view. In fact, the cur-
rent method removes the obstacles for analyzing the
fatigue lives in the presence of the residual stress field
by considering the virtual stress distribution that has
the similar influence of the actual stress distribution in
the hot spot. For this reason, the current method is
called Equivalent Virtual Stress (EVS) in the present
study. It is also assumed that the hot spot size did not
change in the EVS to be able to employ the general for-
mulas of TCD. The reliability of this assumption will
be investigated in the next sections by experiments in
different notched geometries under various loading con-
ditions.

3. Experimental Tests

Notched specimens made of sheets with a thickness of
3mm were tested under completely reversed loading
(Rnom = −1). The AA 2024-T3 was chosen as the
test material due to its widespread applications in the
aerospace structures, having low density and remark-
able fatigue life. The mechanical properties of the ma-
terial are obtained from standard tensile test according
to ASTM E8/E8M [21] and presented in Table 1. The
stress-strain curve of the material and dimensions of
the standard specimen are shown in Fig. 1. Further-
more, the chemical composition of the material is given
in Table 2.
Table 1
Mechanical properties obtained from tensile tests for AA 2024-
T3.

Young’s modulus, E 73GPa
Yield strength, Sy 337MPa
Tensile strength, Su 471MPa
Reduction of area 17.5%

The fatigue tests were performed under load con-
trolled condition according to the recommendations of
ASTM E 466 [23]. The sinusoidal loading with the fre-
quency between 10 to 30Hz was applied on each speci-
men using Zwick/Roel machine. This frequency range
does not affect the material fatigue behavior according
to the suggestions of ASTM E 466.
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Table 2
Chemical composition of AA 2024-T3 [%weight].

Element Al Si Fe Cu Mn Mg
Reference [22] Base 0.07 0.12 4.44 0.51 1.52
Sample Base Max 0.5 Max 0.5 3.8-4.9 0.3-0.9 1.2-1.8
Element Cr Ni Zn Ti Zr
Reference < 0.01 0.01 0.03 0.04 < 0.01
Sample Max 0.1 Max 0.05 Max 0.25 Max 0.15 Max 0.05

Fig. 1. Standard tensile test specimen and stress-strain curve of AA 2024-T3.

For evaluating the effects of the geometry on the
fatigue prediction results, two different notched geome-
tries with the shape of U and V were tested under var-
ious loading conditions. The U-notched specimens had
a root radius of 5mm and a depth of 4mm. V-notched
specimens had a root radius of 0.4mm, depth of 4mm
and an opening angle of 60◦. The adopted failure cri-
teria were considered as observation of a surface crack
with the length about af = 1mm and af = 0.5mm for
U- and V-notched specimens, respectively. A cracked
V-notched sample and machine apparatus for loading
are depicted in Fig. 2.

Different loading conditions were applied to each
notched specimen series to validate the accuracy of the
proposed method. The loading conditions according to
the notch geometries are listed in Table 3. The stress
concentration factors were computed by the finite el-
ement method whose amounts for U- and V-notched
specimens were as 2.45 and 5.55, respectively.

4. Failure Prediction of Experimental
Tests

This section is concerned with the validation of the
proposed method. The stress distribution analysis is a
significant step of TCD analysis. It plays an important
role in the methods employed in the current study. The
stress distribution fields were obtained from numerical

computations performed by Abaqus commercial soft-
ware [24].

Fig. 2. V-notched sample assembled on Zwick/Roel
machine.
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Table 3
Details of Loading Conditions

#Code Overload Stress
(MPa)

Fatigue Stress
(MPa)

U5-01 150 133.3
U5-02 150 106.7
U5-03 150 80
U5-04 200 160
U5-05 200 133.3
U5-06 200 106.7
U5-07 200 80
U5-08 250 186.7
U5-09 250 160
U5-10 250 133.3
U5-11 250 106.7
U5-12 250 80
V60R0.4-01 100 93.3
V60R0.4-02 100 80
V60R0.4-03 100 66.7
V60R0.4-04 100 53.3
V60R0.4-05 100 40
V60R0.4-06 150 106.7
V60R0.4-07 150 93.3
V60R0.4-08 150 80
V60R0.4-09 150 66.7
V60R0.4-10 150 53.3
V60R0.4-11 200 106.7
V60R0.4-12 200 93.3
V60R0.4-13 200 80
V60R0.4-14 200 66.7
V60R0.4-15 200 53.3

Quadratic elements with reduced integration points
were applied to meshing the model. Fine meshing with
the minimum size of 15µm was performed around the
notch root to increase the computations accuracy. The
convergence validation was carried out by mesh refine-
ment process around the notch affected zone.

Using reduced integration points will basically
mean that it will take less time to run the analysis but
it could have a significant effect on the accuracy of the
element for a given problem. Displacement-based finite
element formulations usually overestimate the stiffness
matrix, so the use of fewer integration points should
produce a less stiff elements. Therefore, in some cases,
particularly non-linear problems such as plasticity, it
is actually advisable to use reduced integration instead
of full integration. The slight loss of accuracy is coun-
teracted by the improvement in approximation to real
behavior.

In the current study, the normal stress distribution
along the notch bisector in the loading direction can be
considered as the maximum principal stress according

to the loading type and geometry of the samples. Two
types of notched samples, one with a 5mm U-notch and
other with the V-notch with 0.4mm root radius and 60◦
angle were used. Each type of the samples was loaded
and overloaded with various values as depicted in Table
3. Each sample was modelled with proper elements, for
instance, the sample V60R0.4 had a mesh with 7130
nodes and 7058 elements. Biased mesh around the
notch root and induced residual stress due to 150MPa
far field tension stress are depicted in Fig. 3a. Addi-
tionally, variations of the induced maximum compres-
sive residual stress versus element size in the notch root
is depicted in Fig. 3b. As can be seen, for elements
with the lengths smaller than 100µm, there are ignor-
able variations in the maximum compressive residual
stress distribution.

The computed residual stresses in the hot spots
were rectified by applying EVS approach. The EVS
was applied by stress-life curves of AA 2024-T3 pub-
lished for different stress ratios in MMPDS handbook
[25] and depicted in Fig. 4.

In this paper, the completely reversed loading con-
dition (R = −1) was chosen as the EVS base stress
ratio. In the evaluation of the EVS data from fatigue
life curves at any stress ratio, an accurate multiplier
function was derived, G(R) by curve-fiitting process
on the known curves of fatigue lives for AA 2024-T3
from Fig. 4. This function was validated on the exper-
imental data in −1 < R < 0.52 for finite life ranges of
the used alumium alloy.

G(R) = (a+ bR2) for AA 2024-T3 and

− 1 < R < 0.52

a = 0.457, b = −0.530, and c = −0.265

(8)

To find the accurate failure cycles at a any stress
ratio, one can directly multiply the value of this func-
tion by the failure cycles that is expected at the spec-
ified maximum stress in completely reversed loading
(R = −1) condition. For other metals, similar funtions
can be derived based on their fatigue curves for some
stress ratios.

The first step in the TCD is defining the critical
distance. LPM = LLM = 0.146mm were computed by
employing Eq. (6) according to the material properties
presented in Table 4.
Table 4
Experimental results of AA 2024 characteristic length [18, 26].
R ∆Kth (MP.mm1/2) ∆σ0 (MPa) L(mm)
-1 203 300 0.146
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Fig. 3. a) Biased mesh around the notch root and normal residual stress along loading direction under 150MPa
overloading in V60R0.4, b) Effects of the element size on the induced maximum compressive residual stress.

Fig. 4. Fatigue life curves for AA 2024-T3 in different stress ratios [25].
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It was initially attempted to predict the fatigue
failure of U-notched specimens due to the relatively
smaller stress gradient (more stabilized stress curve)
that is expected in notched components with small
stress concentration factors. The PM and LM with
the EVS were applied to stress distribution computed
for each notched specimen. The experimental number
of cycles to failure (Nf ) versus the predicted number
of cycles by both PM and LM (Nf,p) are shown in Fig.
5. One can compare the estimated and measured life
cycles’ variations with data scattering in obtaining the
fatigue curves in Fig. 4. It is evident that the estima-
tions results of PM and LM are within the accepted
accuracy. It seems that both PM and LM showed al-
most similar behavior, although PM is slightly more
conservative. The accuracy of both PM and LM in-

creased by increasing fatigue failure cycles.
For checking the reliability of the employed stress

parameter, EVS, the results are summarized in Fig. 6
based on the effective stress parameter. It can be ob-
served that the effective stress estimation in the hot
spot for both PM and LM was considerably accurate.
This strongly supports the idea of the EVS about com-
puting effective stress parameter in the hot spot.

Subsequently, the V-notched specimens were inves-
tigated. The EVS proposed based on experimental
data of MMPDS is not capable of predicting failure
life cycles lower than 4000 cycles. This makes some
obstacles for analyzing notches with high stress con-
centration factors due to the high stress values that
are expected in regions near to the notch root and may
exceed the applied EVS limits.

Fig. 5. Variations of predicted fatigue lives of U-notched specimens versus experimental data with a) PM b)
LM .

Fig. 6. The accuracy of effective stress parameter of U-notched specimens computed by EVS combined with
a) PM and b) LM.
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In a few cases of V60R0.4 samples, the stresses val-
ues of the very small area close to the notch root ex-
ceeded the explained limits. Due to the highly com-
pressive residual stresses at the notch root, the small
unpredictable area hardly infiltrated through the notch
depth. According to the fact that this area was small in
comparison with the notch affected zone, the accuracy
is not altered considerably and theses variations can
be ignored. On the other hand, this assumption would
increase the conservation of the prediction method be-
cause effective stress ratio is smaller than zero and
larger than −1 due to high compressive residual stress
in all cases which faced the explained difficulty. For
estimating the fatigue failures occurred in 4000 cycles
and smaller, the stress-life curve of AA 2024-T3 at com-
plete reversal loading was employed [27]. This fatigue
life curve was chosen due to its high accuracy in low
cycle fatigue (LCF) ranges.

The number of failure cycles versus number of esti-
mated failure cycles for V-notched specimens is shown
in Fig. 7. The results confirmed that both PM and
LM applied with EVS had an acceptable accuracy and
the methods are validated in the case of V-notched
specimens with high stress concentration factors. As
expected, the PM was found more conservative com-
pared to LM, especially in the LCF ranges while LM
was found to be more accurate in higher ranges.

For evaluating the accuracy of estimating the ef-
fective stress parameter of the V-notched specimens, a
similar strategy to the U-notched specimens was taken
and the fatigue failure results are re-plotted versus ef-
fective stress parameter in Fig. 6. Although the pre-
diction of accuracy was slightly altered in MCF-LCF
range (similar to U-notched specimens), both methods
were found almost accurate and proved the EVS capa-

bility. Fig. 8 shows that the obtained results by PM for
LCF regime are not reliable in comparison with MCF
and HCF regimes. The reason is the increased sensi-
tivity of failure estimation accuracy to effective stress
in LCF and PM due to the reduced slope of the stress-
life curve. On the other hand, PM as a method that is
based on the point stress close to the notch root seemed
not to have the adequate capability when it enters the
area with failure cycles in LCF range. Therefore, fur-
ther investigations are needed to apply PM in the LCF
in the mentioned cases.

5. Discussion

According to the obtained results, the proposed
method has been validated properly. The fatigue fail-
ure of the notched components in the presence of the
large scale residual stress fields around the notch root
can be successfully predicted by TCD when EVS is ap-
plied. Therefore, the critical distance can be considered
as a constant for a material which is independent from
geometry and life cycles, similar to the general form
of TCD. This method can be used to predict the fa-
tigue failure in the presence of the residual stress. The
reason for employing constant length parameter has
been discussed by some researchers [3, 18, 28]. They
introduced the critical distance as a damage zone size
estimation (full or fraction) that appears due to the mi-
crostructural phenomena. Therefore, it seems that the
microstructure phenomenon that is responsible for the
fatigue mechanism does not change even in the pres-
ence of the residual stress. This was only concluded
from the macroscopic studies because the relation be-
tween the TCD and microstructure is not yet clear [11],
and further investigations in this field are needed.

Fig. 7. The accuracy of EVS combined with a) PM b) LM in predicting fatigue failure of V-notched specimens.
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Fig. 8. Effective stress parameter of U-notched specimens computed by EVS combined with a) PM and b)
LM.

The virtual stress distribution was applied directly
to predict the fatigue failure in the notched compo-
nents. This method brings considerable ease in the use
of TCD to estimate the fatigue life. Therefore, the
proposed method can be employed as a powerful engi-
neering tool when residual stress fields are effective on
the fatigue life.

Both PM and LM were found reliable for fatigue
life calculations in the presence of the residual stress,
according to the results of the current study. For the V-
notched specimens with high stress concentration fac-
tor, LM seems to be more accurate in LCF range while
PM was more conservative. However, both methods
showed almost similar accuracy for the U-notched spec-
imens with lower stress concentration factor in com-
parison with V-notched specimens. LM can be more
practical in engineering design. Due to the concentra-
tion of LM, it results in a narrow band, which seems
that finding a more accurate LLM for a chosen ma-
terial that is larger than the employed one and gives
more conservative and accurate results. However, PM
results guide to the proper design because conserva-
tion is always one of the most critical concerns of the
engineers when fatigue is an obstacle to the safe design.

6. Conclusions

This paper tried to present an efficient method for cal-
culating the fatigue life of the notched samples in exis-
tence of the residual stress induced by overloading. Ef-
fective maximum stress and stress ratio in especial loca-
tions determined by theory of critical distance (TCD)
beside the fatigue life curves of the simple fatigue spec-
imens were used for life estimations.
Based on the obtained results, the following conclu-

sions can be drawn:

1. A new method was proposed to estimate the fa-
tigue life of the notched components in the pres-
ence of the residual stress around the notch root.
This method is based on determination of the
maximum stress and stress ratio at a known point
or line as a hot spot. The method is found suc-
cessful in both point and line methods of TCD.

2. The critical distance in the presence of the resid-
ual stresses was found to have a similar value
when the specimen is stress-free. Since the crit-
ical distance is usually known as the length pa-
rameter that presents the damage zone size in
the fatigue mechanism, it was concluded that the
damage zone does not change in the presence of
the residual stresses.

3. PM was found more conservative, while LM
showed more stable behavior in the fatigue pre-
diction. According to the results, it seems that
more accurate critical distance can be employed
to increase both the accuracy and conservation
of the LM which is more efficient.

4. PM and LM showed almost similar accuracy and
conservation in case of the U-notched specimens
while their behavior was remarkably different in
the V-notched specimens with higher stress con-
centration factors.

5. Both PM and LM showed good accuracy in es-
timating the effective stress parameter in high
cycle fatigue, while their accuracy altered for low
cycle ranges.
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