
Journal of Stress Analysis
Vol. 6, No. 1, Spring − Summer 2021, 139-156

Article history:
Received 29 July 2021 Received
in revised form
13 September 2021
Accepted 18 September 2021

Keywords:
Low-velocity impact
Composite cylindrical shells
Mechanical pre-loads
Thermal pre-loads

In this paper, the low-velocity impact response of laminated composite
cylindrical shells subjected to the combined pre-loads is investigated. The
pre-load is applied as the mechanical pre-load (axial force and radial pressure)
and the thermal pre-load. The boundary conditions are considered as simply
supported and the behavior of the material is linear-elastic. The equations are
based on the first-order shear deformation theory and the Fourier series method
is used to solve the analytical equations. The impactor studied as a large mass
and therefore the impact response is considered to be quasi-static. The results
show that regardless of the type of the axial pre-load (tensile or compressive),
changes in contact parameters during the impact are linearly related to the
temperature changes. Furthermore, these variations with respect to the radial
pressure is almost linear for the tensile axial pre-load, but it is nonlinear for
the compressive axial pre-load.

Nomenclature

u, v, w, ψx, ψφ Displacement components ωmn Natural circular frequency
x1, x2, φ1, φ2 Edge coordinates of area of applied load I1, I2, I3 Mass moments of inertia
Nx, Nφ, Nxφ Normal force resultants Kbs Equivalent bending-shear stiffness
Qx, Qφ Shear force resultants K∗

c Characteristic contact stiffness
N t

x, N
t
φ, N

t
xφ Thermal force resultants Kc Contact stiffness

M t
x,M

t
φ,M

t
xφ Thermal moment resultants Mi Impactor mass

qx, qφ, qz,mx,mφ External excitations M∗
s Equivalent shell mass

ε0x, ε
0
φ, ε

0
xφ Middle surface in-plane strains γ0xz, γ

0
φz Out-of-plane shear strains

Aij ,Bij ,Dij ,Hij Stiffness matrices 2l1, 2l2 Size of the area of applied load
Amn, Bmn, Cmn,
Dmn, Emn

Displacement Fourier constants Tmn(t) Generalized coordinate with respect
to time

E1, E2, G12, G13,
G23, υ12

Material mechanical properties ω1, ω2 Natural frequencies of two-degree-of-
freedom (TDOF) spring-mass system

αx, αφ, αxφ Thermal expansion coefficients in off-
axis coordinates

m,n Wave numbers in axial and tangential
directions

Mx,Mφ,Mxφ Moment resultants q0 Uniform pressure magnitude

∗Corresponding author: R. Azarafza (Associate Professor)
E-mail address: azarmut@mut.ac.ir
http://dx.doi.org/10.22084/jrstan.2021.24816.1191
ISSN: 2588-2597

  

      
      

         
            

Article  info  Abstract

ORIGINAL  RESEARCH  PAPER

Low-Velocity  Impact  Response  Analysis  of  Laminated  Com-
posite  Cylindrical  Shells  Subjected  to  Combined  Pre-Loads

A.  Davar,  R.  Azarafza∗,  J.  Eskandari  Jam,  A.  Labbafian  Mashhadi
Faculty  of  Materials  and  Manufacturing  Technologies,  Malek  Ashtar  University  of  Technology,  Tehran,  Iran.

139



x, φ, z Coordinate system components ∆T Temperature difference
R Radius t Time
Pcr Critical buckling pressure Pmn Load Fourier constants
Na Axial force per unit length J̄mn Normalized mass
P Lateral pressure Gmn(t) Generalized force
Lij Differential operators p Unit transverse force
Fc(t) Contact force (function of time) xs(t) Shell transverse displacement
α1, α2 Thermal expansion coefficients in on-axis

coordinates
lx, lφ Length of the cylindrical panel straight

and curved edges
Ncr Critical buckling axial force V0 Impact velocity
γ Subtended angle of the cylindrical panel Ri Impactor radius
Reff Effective contact radius ∆Tcr Critical buckling temperature difference
Eeff Effective contact Young’s modulus ωf Fundamental frequency
xl, φl Impact point coordinates ω̄ Dimensionless frequency parameter

1. Introduction

Composite cylindrical shells are one of the most widely
used parts in various industries due to their very high
properties and very low weight. Composite structures
may be subjected to a variety of impact loads in their
work environment. Applying a small impact load can
cause a large deformation and, ultimately, damage to
the structure. This is more dangerous in composite
structures because damage to composite structure may
occur in the inner layers and the appearance of the
structure does not indicate this damage; meanwhile,
the composite structure can be subjected to pre-loads
in its environmental conditions that affect the impact
response. Therefore, it is very important to know the
response of the shell to the impact and how the pre-
loads affect it.

Many researchers have tried to predict the low-
velocity impact response in composite plates and shells.
Gong et al. [1] investigated the linear behavior of
cylindrical laminated panels subjected to low-velocity
impact. Using a spring-mass system, they consid-
ered the impactor and the shell as two rigid objects
and their contact stiffness and bending stiffness of the
shell as two springs, and by solving the equation of
motion of this system, they determined the displace-
ment of the shell and the contact force. Toh et al.
[2] using a higher-order shear deformation theory an-
alyzed the transient low-velocity impact response of
orthotropic laminated cylindrical panels. Matemilola
and Stronge [3] developed an analytical solution for
the impact response of a simply supported anisotropic
composite cylinder. In their analysis, the contact force
was obtained from the compatibility condition between
the elastic impactor and the cylinder, with a mod-
ified Hertzian law. Abrate [4] categorized the types
of models proposed for impact analysis on composite
structures and stated the scope and the range of ap-
plication of each model. He divided the types of mod-
els for impact analysis on composite structures into
four groups: energy balance model, spring-mass model,

complete model, and impact model on infinite plates.
Her and Liang [5], using the ANSYS/LS-DYNA finite
element software, studied the composite laminate and
shell structures subjected to low-velocity impact. Ku-
mar et al. [6] studied the impact response and the
impact-induced damage in a curved composite lam-
inates subjected to transverse impact using a three-
dimensional finite element method. Saghafi et al. [7]
experimentally investigated the effect of pre-lead on
the impact response of curved composite panels. Choi
[8] investigated the transient responses of a compos-
ite laminated plate and cylindrical shells subjected to
low-velocity impacts numerically. He used the shear
deformation theory of a doubly curved shell and von
Karman’s large deflection theory to develop a geomet-
rically nonlinear finite element program. Najafi et al.
[9] presented a nonlinear investigation for impact re-
sponse of Functionally Graded Material (FGM) dou-
bly curved panels resting on Winkler–Pasternak elas-
tic foundation with simply supported end conditions.
Rafiee et al. [10] presented theoretical and numerical
analyses of composite cylinders subjected to the low-
velocity impact. Langella et al. [11] investigated the
influence of a tensile pre-load on the impact behav-
ior of thin woven composite laminates. Harris et al.
[12] presented the results of drop-weight impact test-
ing on curved ±55◦ E-glass/Epoxy laminates of vary-
ing radii and wall thickness. Liao et al. [13] studied
the residual burst strength of composite pressure ves-
sels after low-velocity impact using an explicit-implicit
combined model. Rafiee et al. [14] developed a the-
oretical study of failure in composite pressure vessels
subjected to low-velocity impact and internal pressure.

In this paper, the low-velocity impact response of
composite cylindrical shells in presence of the mechan-
ical and thermal pre-loads is investigated analytically.
The mechanical pre-loads are applied as the tensile or
compressive axial loads and the internal or external
pressure. The thermal loads are applied by applying a
uniformly distributed temperature difference to the en-
tire shell. Accordingly, as a new feature of the present
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work, based on the existing analytical formulation in
the literature, the effect of the thermal and mechani-
cal combined pre-loads on the low-velocity impact re-
sponse on the composite cylindrical shells is investi-
gated for the first time. New interesting results have
been obtained hitherto not reported in the literature.

2. Governing Equations

Fig. 1 shows a cylindrical shell with radius R, thick-
ness h, axial length lx, circumferential length lφ and
central angle γ, and the reference coordinates. The
middle surface of the shell is considered as the refer-
ence surface, and the x, φ, and z coordinate system is
placed on it. Moreover, u, v and w are the displace-
ment components in the axial (x), circumferential (φ)
and radial (z) directions, respectively, and indicate the
deformation of the shell.

Fig. 1. Cylindrical shell and coordinate system lo-
cated on the reference surface [15].

Based on the First-order Shear Deformation Theory
(FSDT), the equations of motion of a composite cylin-
drical shell subjected to axial loadNa, internal pressure
P and thermal in-plane loads N t

x, N t
φ and N t

xφ are as
follows [16, 17]:

∂Nx

∂x
+

1

R

∂Nxϕ

∂φ
+ P

(
1

R

∂2u

∂φ2
+
∂w

∂x

)
+ qx(x, φ, t)

= I1
∂2u

∂t2
+ I2

∂2ψx

∂t2

∂Nxφ

∂x
+

1

R

∂Nφ

∂φ
+
Qφ

R
+ (Na −N t

x)
∂2v

∂x2

+ P

(
1

R

∂2v

∂φ2
+
∂w

∂φ

)
+ qφ(x, φ, t)

=

(
I1 +

2I2
R

)
∂2v

∂t2
+

(
I2 +

I3
R

)
∂2ψφ

∂t2

∂Qx

∂x
+

1

R

∂Qφ

∂φ
− Nφ

R
+ (Na −N t

x)
∂2w

∂x2

− 2N t
xφ

1

R

∂2w

∂x∂φ2
−N t

φ
1

R2

∂2w

∂φ2
− P

(
∂u

∂x
− ∂v

R∂φ

− ∂2w

R∂φ2

)
+ qz(x, φ, t) = I1

∂2w

∂t2

∂Mx

∂x
+

1

R

∂Mxφ

∂φ
−Qx +mx(x, φ, t) = I3

∂2ψx

∂t2
+ I2

∂2u

∂t2

∂Mxφ

∂x
+

1

R

∂Mφ

∂φ
−Qφ +mφ(x, φ, t)

= I3
∂2ψx

∂t2
+

(
I2 +

I3
R

)
∂2v

∂t2
(1)

where ψx and ψφ are the cross-sectional clockwise ro-
tations around the φ and x axes, respectively, qx, qφ
and qz are external forces and mx and mφ are external
moments applied to the shell. The terms of inertia, I1,
I2, and I3 are defined by the following equations [16]:

(I1, I2, I3) =

∫ h/2

−h/2

(1, z, z2)ρkdz (2)

where ρk is the density of each layer. In Eq. (1)
the stress resultants {N}T = {Nx, Nφ, Nxφ}, moments
{M}T = {Mx,Mφ,Mxφ}, and transverse shear forces
{Q}T = {Qx, Qφ} are defined as follows [16, 18]:{

N
M

}
=

[
A B
B D

]{
e
κ

}
−
{

Nt

Mt

}
,

{Q} = [H]

{
γ0xz
γ0φz

} (3)

where A,B,D, and H are the extensional, coupling,
bending and thickness shear stiffness matrices, respec-
tively and defined as follows [16]:

(Aij,Bij,Dij) =

∫ h/2

−h/2

(1, z, z2)Q̄ijdz (i, j = 1, 2, 6)

Hij = k0

∫ h/2

−h/2

Q̄ijdz (i, j = 4, 5)

(4)
where k0 is the shear correction factor introduced by
Mindlin and is equal to π2/12 and Q̄ij is the trans-
formed reduced stiffness matrix.

In Eq. (3), {e}T = {ε0x, ε0φ, ε0xφ} is the vector of
the mid-surface engineering strains, γ0xz and γ0φz are
the transverse shear strains, and {κ}T = {κx, κφ, κxφ}
is the vector of the curvature and twist of the shell
defined as follows [16]:

{ε0x, ε0φ, γ0xφ} =

{
∂u

∂x
,
1

R

∂v

∂φ
+
w

R
,
1

R

∂u

∂φ
+
∂v

∂x

}

{κx, κφ, κxφ} =

{
∂ψx

∂x
,
1

R

∂ψφ

∂φ
,
1

R

∂ψx

∂φ
+
∂ψφ

∂x

}

{γ0xz, γ0φz} =

{
ψx +

∂w

∂x
, ψφ +

1

R

∂w

∂φ
− v

R

}
(5)
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Additionally, the strains at any distance from the mid-
surface are obtained from the following equations [18]:

εx = ε0x + zκx

εφ = ε0φ + zκφ

γxφ = γ0xφ + zκxφ (6)

γxz = γ0xz

γφz = γ0φz

The thermal stress resultants {Nt}T = {N t
x, N

t
φ, N

t
xφ}

and moments {Mt}T = {M t
x,M

t
φ,M

t
xφ} are obtained

from the following equations [17]:
N t

x

N t
φ

N t
xφ

 =

∫ h/2

−h/2

Q̄ij

 αx

αφ

αxφ

∆Tdz (i, j = 1, 2, 6)


M t

x

M t
φ

M t
xφ

 =

∫ h/2

−h/2

Q̄ij

 αx

αφ

αxφ

∆Tzdz (i, j = 1, 2, 6)

(7)
where ∆T is the temperature difference and αx, αφ and
αxφ are the coefficients of thermal expansion in off-axis
directions, which are related to the coefficients of ther-
mal expansion in the on-axis directions, α1 and α2, as
follows [18]:  αx

αφ

αxφ/2

 = [T]−1

 α1

α2

0

 (8)

where [T] is the transformation matrix.
According to the definitions provided in Eqs. (3) to

(8) and substituting in Eq. (1) the equations of motion
can be simplified as follows:

L11 L12 L13 L14 L15

L21 L22 L23 L24 L25

L31 L32 L33 L34 L35

L41 L42 L43 L44 L45

L51 L52 L53 L54 L55




u(x, φ, t)
v(x, φ, t)
w(x, φ, t)
ψx(x, φ, t)
ψφ(x, φ, t)



=


−qx
−qφ
−qz
−mx

−mφ

 (9)

Lij are differential operators that are listed in Ap-
pendix A for a general orthotropic shell. Because in
the present study the general orthotropic shells are ex-
amined, the N t

xφ becomes zero. Furthermore, because
the term N t

φ is created outside the [L], it will be ig-
nored and therefore only the term N t

x remains [17] and
the remaining eigenvalue problem is solved.

2.1. Boundary Conditions

The boundary conditions for a fully Simply Supported
Cylindrical Shell (SSSS) are defined as follows [19]:

x = 0, lx v = w = Nx =Mx = ψφ = 0

φ = 0, γ u = w = Nφ =Mφ = ψx = 0
(10)

In order to satisfy these boundary conditions, displace-
ments and rotations are defined as the following double
Fourier series [19]:

u =
∞∑

m=1

∞∑
n=1

Amn cos
mπx

lx
sin

nπφ

γ
Tmn(t)

v =
∞∑

m=1

∞∑
n=1

Bmn sin
mπx

lx
cos

nπφ

γ
Tmn(t)

w =
∞∑

m=1

∞∑
n=1

Cmn sin
mπx

lx
sin

nπφ

γ
Tmn(t) (11)

ψx =
∞∑

m=1

∞∑
n=1

Dmn cos
mπx

lx
sin

nπφ

γ
Tmn(t)

ψφ =

∞∑
m=1

∞∑
n=1

Emn sin
mπx

lx
cos

nπφ

γ
Tmn(t)

where Amn, Bmn, Cmn, Dmn, and Emn are constant co-
efficients of mode shapes, m is the number of longitu-
dinal half-waves, n is the number of circumferential
half-waves, and Tmn(t) is the generalized coordinates
as a function of time.

2.2. Free Vibration Analysis

In order to study the free vibrations, the external loads
and moments on the shell are ignored and Tmn(t) =
e−iωmnt is considered as a time function. Using Eq.
(11) and substituting it in Eq. (9), the following equa-
tion system is obtained:[

[K]mn − ω2
mn[M]mn]{∆}mn = 0 (12)

where {∆}mn = {AmnBmnCmnDmnEmn}T is the vec-
tor of constant coefficients of mode shapes, and [M]mn

and [K]mn are the mass matrix and stiffness matrix,
respectively, given in Appendix B. By setting the de-
terminants of the coefficients of the Eq. (12) equal to
zero), the characteristic frequency equation of a com-
posite cylindrical shell is derived as follows:

δ1ω
10 + δ2ω

8 + δ3ω
6 + δ4ω

4 + δ5ω
2 + δ6 = 0 (13)

where δi, i = 1, · · · , 5 are constant coefficients. This
equation has 5 acceptable positive roots, the smallest
one is usually related to the bending mode shape.
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Fig. 2. Uniform static pressure applied on the outer surface of the shell.

The constant coefficients of mode shapes corre-
sponding to each frequency determine the correspond-
ing mode shape. In order to normalize this mode
shapes relative to the mass matrix, the following equa-
tion is used [20]:∫ lx

0

∫ γ

0

∆T
mnMmn∆mndxdφ = 1 (14)

The normalized mode shapes obtained from this equa-
tion is used in the analysis of the impact dynamic re-
sponse.

2.3. Buckling Analysis

In order to determine the allowable pre-loads, the buck-
ling analysis is used. Regardless of the terms including
the time and the external forces and moments in Eq.
(9), the following relation is obtained:

[Cij ]{∆}mn = 0 (15)

In this equation, if each of the values of the axial
load, the pressure or the temperature are assumed to
be unknown, by equating the determinants of the [Cij ]
to zero for each m and n, an equation for the unknown
axial load, pressure, or temperature is obtained. The
smallest positive root of this equation for each mode
(each m and n) is the axial critical buckling load, the
critical buckling pressure, or the critical buckling tem-
perature corresponded to that mode. The lowest eigen-
value corresponded to different mode numbers (m,n)
determines the axial critical buckling load (Ncr), the
critical buckling external pressure (Pcr) or the critical
buckling temperature (∆Tcr) of the shell [17, 21].

2.4. Transverse Static Load Analysis

In order to determine the global static stiffness (Kbs)
of the shell, static analysis is required. It is assumed
that only the transverse static force, qz, is applied on
the shell and according to Fig. 2, it is considered as a
uniformly distributed pressure (q0) over a rectangular
surface located on the outer surface of the shell.

According to Fig. 2, the coordinates of the center
point of this surface (xl, φl) are defined as follows:

2xl = x1 + x2 , 2φl = φ1 + φ2 (16)

Moreover, the dimensions of the load application sur-
face are defined as Al = 2l1 × 2l2, in which 2l1 and 2l2
are defined as follows:

2l1 = R(φ2 − φ1) , 2l2 = x2 − x1 (17)

In order to satisfy the boundary conditions, the trans-
verse load is considered as follows [22]:

qz = (x, φ) =
∞∑

m=1

∞∑
n=1

Pmn sin
mπx

lx
sin

nπφ

γ
(18)

where Pmn is the Fourier constant coefficient which de-
pends on the profile, the size and the position of the
applied load. Due to the small surface area of the im-
pact, it is assumed that the pressure distribution on
the rectangular surface is uniform of amplitude equal
to q0. For uniform pressure, Pmn is obtained as follows:

Pmn =
4q0
mnπ2

(
cos

mπx2
lx

− cos
mπx1
lx

)
(
cos

nπφ2

γ
− cos

nπφ1

γ

)
(19)

By substituting Eqs. (18) and (19) into Eq. (9) and
neglecting the time, the following equation of static
equilibrium is obtained:

[K]{∆}mn = {q} (20)

where {q}T = {0 0 Pmn0 0} is the vector of the exter-
nal static load. By solving this system of equations, the
constants of mode shapes of the {∆} are determined
and according to Eq. (11), the displacement compo-
nents are obtained.

2.5. Transverse Impact Response Analysis

It is assumed that a homogeneous, isotropic and elastic
spherical impactor with mass Mi and initial velocity V0
strikes perpendicular to the outer surface of the cylin-
drical shell as shown in Fig. 3.

In order to calculate the impact response, the ex-
ternal force function, qz, is defined as follows:

qz(x, φ, t) = qz(x, φ)f(t)

=
∞∑

m=1

∞∑
n=1

Pmn sin
mπx

lx
sin

nπφ

γ
f(t)

(21)
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Fig. 3. Transverse impact applied to the outer surface
of the shell.

where f(t) is the function of time. Substituting Eqs.
(21) and (11) in Eq. (9), the following relation is ob-
tained:

L11 L12 L13 L14 L15

L21 L22 L23 L24 L25

L31 L32 L33 L34 L35

L41 L42 L43 L44 L45

L51 L52 L53 L54 L55




Āmn

B̄mn

C̄mn

D̄mn

Ēmn

Tmn(t)

(22)

=



T̈mn(t)(I1Āmn + I2D̄mn)

T̈mn(t)

[(
I1 +

2I2
R

)
B̄mn +

(
I2 +

I3
R

)
Ēmn

]
T̈mn(t)(I1C̄mn)− qz(x, φ, t)

T̈mn(t)(I3D̄mn + I2Āmn)

T̈
(t)
mn

[
I3Ēmn +

(
I2 +

I3
R

)
B̄mn

]


in which the vectors of the mode shape functions are
defined as follows:


Āmn

B̄mn

C̄mn

D̄mn

Ēmn

 =



Amn cos
mπx

lx
sin

nπφ

γ

Bmn sin
mπx

lx
cos

nπφ

γ

Cmn sin
mπx

lx
sin

nπφ

γ

Dmn cos
mπx

lx
sin

nπφ

γ

Emn sin
mπx

lx
cos

nπφ

γ



(23)

Using the free vibration equations (Tmn(t) = eiωmnt),
the left side of the Eq. (22) can be substituted as fol-

lows:
L11 L12 L13 L14 L15

L21 L22 L23 L24 L25

L31 L32 L33 L34 L35

L41 L42 L43 L44 L45

L51 L52 L53 L54 L55




Āmn

B̄mn

C̄mn

D̄mn

Ēmn

Tmn(t)

= −ω2
mnTmn(t)



I1Āmn + I2D̄mn(
I1 +

2I2
R

)
B̄mn +

(
I2 +

I3
R

)
Ēmn

I1C̄mn

I3D̄mn + I2Āmn

I3Ēmn +

(
I2 +

I3
R

)
B̄mn


(24)

By substituting Eq. (24) in Eq. (22), the following
relations are obtained:

− ω2
mnTmn(t)(I1Āmn + I2D̄mn) = T̈mn(t)(I1Āmn + I2D̄mn)

− ω2
mnTmn(t)

[(
I1 +

2I2
R

)
B̄mn +

(
I2 +

I3
R

)
Ēmn

]

= T̈mn(t)

[(
I1 +

2I2
R

)
B̄mn +

(
I2 +

I3
R

)
Ēmn

]
− ω2

mnTmn(t)(I1C̄mn) = T̈mn(t)(I1C̄mn)− qz(x, φ, t)

− ω2
mnTmn(t)(I3D̄mn + I2Āmn) = T̈mn(t)(I3D̄mn + I2Āmn)

− ω2
mnTmn(t)

[
I3Ēmn +

(
I2 +

I3
R

)
B̄mn

]

= T̈mn(t)

[
I3Ēmn +

(
I2 +

I3
R

)
B̄mn

]
(25)

Multiplying the sides of the Eq. (25) in
Āmn, B̄mn, C̄mn, D̄mn, and Ēmn, respectively, and af-
ter adding the equations, the following equation is ob-
tained:

T̈mn(t)N̄mn + ω2
mnTmn(t)N̄mn = C̄mnqz(x, φ, t) (26)

where N̄mn is as follows:

N̄mn = I1(Ā
2
mn + B̄2

mn + C̄2
mn)

+ I2(2ĀmnD̄mn + 2B̄mnĒmn +
2

R
B̄2

mn)

+ I3(D̄
2
mn + Ē2

mn +
2

R
B̄mnĒmn) (27)

By sorting the Eq. (26) and integrating with respect
to x and φ from its sides, a typical second-order dif-
ferential equation in terms of the time is obtained as
follows:

T̈mn(t) + ω2
mnTmn(t) = Gmn(t) (28)
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where Gmn(t) is the generalized forces as follows:

Gmn(t) =

∫ lx

0

∫ γ

0

C̄mnqz(x, φ, t)dxdφ

J̄mn
(29)

where J̄mn is the normalized masses as follows:

J̄mn =

∫ lx

0

∫ γ

0

{
I1(Ā

2
mn + B̄2

mn + C̄2
mn)

+ I2(2ĀmnD̄mn + 2B̄mnĒmn +
2

R
B̄2

mn)

+ I3(D̄
2
mn + Ē2

mn +
2

R
B̄mnĒmn)

}
dxdφ (30)

By substituting Eq. (29) into Eq. (28) and some sim-
plifications, the following equation is obtained:

T̈mn(t) + ω2
mnTmn(t) =

PmnCmnf(t)

Jmn
(31)

where Jmn is the normalized mass defined as follows:

Jmn = I1(A
2
mn +B2

mn + C2
mn)

+ I2

(
2AmnDmn + 2BmnEmn +

2

R
B2

mn

)

+ I3

(
D2

mn + E2
mn +

2

R
BmnEmn

)
(32)

Using the Laplace transformation and according to the
convolution integral, the solution of Eq. (32) for zero
initial conditions is achieved as follows:

Tmn(t) =
PmnCmn

Jmnωmn

∫ t

0

f(τ) sinωmn(t− τ)dτ (33)

According to superposition principle, the time re-
sponse of the cylindrical shell is obtained by replacing
Tmn(t) from Eq. (33) into Eq. (11).

3. Definition the Impact Time Function

In order to determine the time function of the contact
force, a Two-Degree-of-Freedom (TDOF) spring-mass
model is used. To prepare the initial information, first
the static deflection of the shell under a concentrated
unit force (p) is obtained at a point with coordinates
(x1, φ1) from static analysis. In order to apply con-
centrated force, the load application area must be con-
sidered as a small square. Since the central impact is
considered in this paper, by placing the coordinates of
the center of the shell in the following equation, the
global static stiffness of the shell, Kbs, is obtained as
follows:

Kbs =
p

w(x1, φ1)
(34)

The natural frequencies of the shell are also calculated
for each mode shape number (m,n) and the smallest
of them is defined as the fundamental frequency, ωf .
By considering the impactor and the shell as two rigid
masses and two springs according to Fig. 4, the equa-
tion of motion of this two-degree-of-freedom system us-
ing Newton’s second law is obtained as follows:[

Mi 0
0 M∗

s

]{
ẍi
ẍs

}

+

[
K∗

c −K∗
c

−K∗
c (K∗

c +Kbs)

]{
xi
xs

}
=

{
0
0

}
(35)

Fig. 4. Schematic of the Two-Degree-of-Freedom
(TDOF) model.

where M∗
s is the effective shell mass, K∗

c is the effec-
tive (modified) contact stiffness and xi and xs are the
impactor and shell displacement, respectively. Swan-
son [23] provided an approximate equation for effective
mass estimation as follows:

ωf ≈

√
Kbs

M∗
s

(36)

The effective mass (the only unknown parameter) is
calculated from Eq. (36) and is used in the present
TDOF model. By solving Eq. (35) the contact force,
Fc(t), is obtained as follows:

Fc(t) = Kbsxs(t)

=
KbsV0(K

∗
c −Miω

2
2)(K

∗
c −Miω

2
1)

K∗
cMi(ω2

1 − ω2
2)

×
(
sin(ω1t)

ω1
− sin(ω2t)

ω2

)
(37)

where ω1 and ω2 are the natural frequencies of the two-
degree-of-freedom spring-mass system. In order to cal-
culate the effective contact stiffness, the Hertz contact
stiffness is first calculated as follows [4]:

K =
4

3
EeffR

1/2
eff
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1

Reff
=

1

R1
+

1

R2

1

Eeff
=

1− ν21
E1

+
1− ν22
E2

(38)

where subscript 1 denotes the properties of the im-
pactor and subscript 2 denotes the properties of the
target structure. For the composite shell, E22 and υ12
are replaced by E2 and υ2, respectively. Because when
impact occurs between the impactor and the target, the
properties of the top layer of the target that is in con-
tact with the impactor must be included in the equa-
tions of contact law. In fact, regardless of the number
and sequence of the laminate layers, only the proper-
ties of the top (outer most) layer in contact with the
external impactor is included in the contact stiffness
relation, Eq. (38). Then, an iterative scheme is used
to calculate the effective contact stiffness. In the first
iteration, the maximum contact force is determined as
[24]:

F (1)
m = V0

√
KbsMi (39)

Then the contact stiffness is obtained as follows [24]:

Kc = F 1/3
m K2/3 (40)

Using this contact stiffness, the maximum contact force
can be recalculated from Eq. (37). This action is re-
peated until the maximum contact force in the ith iter-
ation (F

(i)
m ) does not change. The speed of convergence

in this cycle is very fast. Finally, the effective contact
stiffness (K∗

c ) is calculated and by replacing it in Eq.
(37), the time function of the contact force is obtained.

4. Finite Element Simulation

In order to validate the impact results, in addition to
the available references, ABAQUS finite element soft-
ware is also used. The impactor is simulated as Ana-
lytical Rigid and Conventional Shell, S4R elements are
used for composite shell, and the Quad-Free meshing
technique is applied. For discretizing the shell, accord-
ing to Fig. 5, the meshing method presented in Ref.
[25] is used. Penalty Contact method is used to sim-
ulate the contact between the impactor and the shell.
The vertical contact behavior is considered as Hard
Contact and the tangential contact behavior is defined
as frictionless. The boundary conditions of the shell
are fully simply supported. By defining the cylindrical
coordinate system x, φ and z as ABAQUS coordinate
system 3, 2 and 1, respectively, at the smooth edges of
the shell, all the degrees of freedom except U2 (accord-
ing to the term Nφ = 0 in Eq. 10) and UR3 (according
to the term Mφ = 0 in Eq. 10) are set to be zero and
at the curved edges of the shell, all the degrees of free-
dom except U3 (according to the term Nx = 0 in Eq.

(10)), and UR2 (according to the term Mx = 0 in Eq.
(10)) are set to be zero. Furthermore, the impactor
can only be moved in the direction of impact. The ax-
ial pre-load is applied as Shell Edge Load, the initial
pressure is applied as pressure, and the temperature
difference is applied using predefined field. Moreover,
since the purpose of this paper is to find the contact
force prior to any damage occurrence in the structure,
very small damage at the impact region is ignored and
the simulation does not include damage in the shell.

Fig. 5. The mesh pattern used in shell finite element
model [25].

5. Validation of the Results

In order to validate the results, first the results of the
free vibration, the critical axial buckling load, the crit-
ical external buckling pressure, the critical buckling
temperature and the static analysis are compared with
the results in the references then the contact force and
the deflection calculated from the TDOF model and
the deflection calculated from the dynamic response
analysis are validated.

The fundamental frequency for a [90/0] composite
cylindrical shell with lφ = 0.5R, R = 40h, E1 = 25E2,
G12 = G13 = G23 = 0.5E2 and υ12 = 0.25 is calculated
and compared with the results obtained from Ref. [26]
and Ref. [27]. The results presented in Table 1 are the
dimensionless fundamental frequency parameter as fol-
lows:

ω̄ = ωf l
2
φ

√
ρ/E2h2 (41)

Table 1
Dimensionless fundamental frequency parameter calculated from
the analytical equations compared with the results obtained from
references.
lx/lφ Ref. [27] Ref. [26] Present
1 11.84 11.45 11.57
2 7.25 7.16 7.26
3 6.39 6.41 6.48
4 6.11 6.16 6.21
5 5.59 6.04 6.10
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Table 2
Properties of the materials used in Ref. [28].

Material E11 (GPa) E22 (GPa) G12 (GPa) v12 Ply thickness (mm)
Graphite/epoxy 132 10.8 5.65 0.24 0.127
Kevlar/epoxy 76.8 5.5 2.07 0.34 0.127
E-glass/epoxy 38.6 8.27 4.14 0.26 0.127

The critical axial buckling load of a [0/90]2s com-
posite circular cylindrical shell with R = 0.2m for three
different materials is investigated. The properties of
these three materials are given in Table 2. The results
are given in Table 3 and compared with the results
obtained by Ref. [28]. The numbers in parentheses in-
dicate the mode number of critical axial buckling load
(m,n).

Table 3
Critical axial buckling load (kN/m) calculated from the present
method compared with the results obtained by Ref. [28].

Material lx/R Ref. [28] Present

Graphite/epoxy 1 83.02 (3,11) 83.13 (3,11)
3 83.02 (9,11) 83.13 (9,11)

Kevlar/epoxy 1 38.69 (3,10) 38.77 (3,10)
2 38.25 (5,10) 38.30 (5,10)

E-glass/epoxy 1 42.48 (3,12) 42.51 (3,12)
3 42.48 (9,12) 42.51 (9,12)

The critical external buckling pressure for an
isotropic circular cylindrical shell with R/h = 300,
E = 200GPa and υ = 0.3 for different lx/R ratios
is shown in Table 4 and compared with the results ob-
tained by Ref. [21]. The numbers in parentheses in-
dicate the mode number of critical external buckling
pressure (m,n).

Table 4
Critical external buckling pressure (kPa) calculated from the
present method compared with the results obtained by Ref. [21].
lx/R Ref. [21] Present
0.5 276.62 (1,30) 275.94 (1,30)
1 126.96 (1,22) 126.67 (1,22)
2 60.73 (1,16) 60.61 (1,16)
3 40.72 (1,14) 40.63 (1,14)
5 23.53 (1,10) 23.48 (1,10)

The critical buckling temperature for an isotropic
circular cylindrical shell with lx = R = 1m, υ =
70GPa, v = 0.3 and α = 23e− 6/◦C is shown in Table
5 and compared with the results obtained by Ref. [29].

The static deflection of [90/0] composite cylindri-
cal shell with lx = lφ, h = 0.1lx, E1 = 25E2,
G12 = G13 = 0.5E2, G23 = 0.2E2 and υ12 = 0.25
is calculated and compared with the results obtained
by Ref. [27]. The results presented in Table 6 are the
dimensionless transverse deflection as follows:

w∗ = 103E2h
3w/(q0l

4
x) (42)

where q0 is the uniform pressure applied to the entire

outer surface of the shell. A good agreement is ob-
tained according to Table 6.
Table 5
Critical buckling temperature (◦C) calculated from the present
method compared with the results obtained by Ref. [29].
h/R Ref. [21] Present
0.004 75.40 71.92
0.006 112.30 107.23
0.008 149.20 142.60
0.010 192.51 177.31
0.012 221.39 211.45
0.014 259.89 246.94

Table 6
Dimensionless transverse deflection calculated from the present
method compared with the results obtained by Ref. [30].
lx/R Ref. [30] Present Discrepancy (%)
0.5 17.188 17.850 3.85
1 12.751 13.289 4.22
2 5.949 6.177 3.83

The contact force and the deflection calculated from
the TDOF model and the deflection calculated from
the dynamic response analysis for composite cylindri-
cal shell with layup [45/0/ − 45/90]s , lx = 0.254m,
lφ = 0.127m, R = 0.381m, h = 0.001m, E1 =
137.8GPa, E2 = 8.96GPa, G12 = G13 = 5.99GPa,
G23 = 3.51GPa, υ12 = 0.3 and ρ = 1590kg/m3 are
shown in Table 7 and compared with the results ob-
tained from the present ABAQUS simulation and ge-
ometrically linear results reported by Ref. [31]. Addi-
tionally, the shell is not generally orthotropic and con-
tains values A16, A26, D16, and D26 in its stiffness ma-
trix. However, in many practical cases the laminates
have sufficient number of plies to ignore these small
values [32]. In this case, the impactor is considered as
a steel sphere with Ri = 0.00635m and Mi = 1.13kg
and initial velocity of V0 = 1.093m/s.

In this section, the results of impact response on
the composite shell in the presence of the mechanical
(axial load and pressure) and the thermal pre-loads
are compared with the results of ABAQUS numerical
simulation. The shell lay-up is considered as [0/90]2s,
lx = R = 0.2m, h = 0.002m, γ = πrad, E1 = 181GPa,
E2 = 10.3GPa, υ12 = 0.28, G12 = G13 = 7.17GPa,
G23 = 6.21GPa, ρ = 1600kg/m3, α1 = 0.02e − 6/◦C,
and α2 = 22.5e − 6/◦C. Critical buckling values cal-
culated for this shell are Ncr = 412.709kN/m, Pcr =
482.951kPa and ∆Tcr = 700◦C.
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Table 7
Impact response calculated from the TDOF model and the dynamic response analysis compared with the results obtained from the
present ABAQUS simulation and Ref. [31].

Max. contact force (N) Max. deflection (mm) Contact time (ms)
Ref. [31] 340 3.9 11.5
Present TDOF model 334.49 4.03 11.68
Present dynamic response 334.49 4.13 11.83
Present ABAQUS 356.89 4.06 11.62

Table 8
Convergence study for the two parameters m and n in Fourier series.
m,n 10 15 20 25 50 100 150
Max. force (N) 734.3 653.97 636.97 625.98 612.32 607.74 605.69
Max. deflection (mm) 0.649 0.735 0.755 0.770 0.787 0.795 0.797

The applied pre-load on the shell is always less
than the critical buckling values. The impactor is
a steel sphere with Ri = 0.00635m, Mi = 2kg and
V0 = 0.5m/s. The relative position of the impactor
and the shell and the shell mesh pattern are shown in
Fig. 6. Furthermore, the convergence study for the two
parameters m and n in Fourier series is given in Table
8. According to this Table, mode number m = n = 100
is sufficient for convergence in the analytical solution.

Fig. 6. Relative position of the impactor and the shell
and shell mesh pattern.

The contact force and the deflection of the shell cal-
culated from the analytical results in comparison with
the results of the numerical simulation of ABAQUS are
shown in Figs. 7 and 8. As can be seen, there is a good
agreement between the results.

The shell response in the presence of the tensile
and compressive axial pre-load using the TDOF model
compared with ABAQUS results are shown in Figs.
9 and 10. The applied tensile and compressive pre-
load are ±200kN/m. As can be seen from these fig-
ures, there is a good agreement between the results of
the analytical equations for predicting the response of
the shell under the low-velocity impact with the mean
value of the results of the ABAQUS numerical simu-

lation. The fluctuations in ABAQUS response is due
to the reflected waves during contact interfering the
interaction between the impactor and the shell.

Fig. 7. Contact force calculated from the present
TDOF model compared with ABAQUS.

Fig. 8. Deflection of the shell calculated from the
present analytical method compared with ABAQUS.

Figs. 11 and 12 show the contact force and the de-
flection of the shell at the impact point in the presence
of 100kPa internal and external pressure from the an-
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alytical result and numerical simulation of ABAQUS.
As can be seen from these figures, although the pres-
sure causes fluctuations in the contact force obtained
by ABAQUS, the maximum contact force, the maxi-
mum deflection, and the contact time in presence of the
internal and external pressure calculated from analyt-
ical equations and ABAQUS results are in good agree-
ment. By applying the internal pressure, the overall
stiffness of the cylindrical shell and the contact force
increase and the maximum deflection decreases accord-
ingly. Vice versa, by applying the external pressure,
the overall stiffness of the cylindrical shell decreases
and the contact force is decreased and the maximum
deflection increses accordingly.

Fig. 9. Contact force calculated from the TDOF
model compared with ABAQUS in presence of the ten-
sile and compressive axial pre-loads.

Fig. 10. Deflection of the shell calculated from the
TDOF model compared with ABAQUS in presence of
the tensile and compressive axial pre-loads.

The contact force and the deflection of the shell
in the presence of the initial temperature difference of
∆T = ±200◦C calculated from the analytical equa-

tions are shown in Figs. 13 and 14 and compared with
the results obtained by the numerical simulation us-
ing ABAQUS. The effect of the temperature on the
maximum contact force, the maximum deflection and
the contact time obtained from the analytical equa-
tions and the numerical simulation of ABAQUS are in
a good agreement.

Fig. 11. Contact force calculated from the TDOF
model compared with ABAQUS in presence of the in-
ternal and external pressure.

Fig. 12. Deflection of the shell calculated from the
TDOF model compared with ABAQUS in presence of
the internal and external pressure.

6. Numerical Results and Discussion

The impact response on the cylindrical shell in the
presence of the combined pre-loads is investigated. The
specifications of the shell and the impactor are con-
sidered as in the previous section. The axial pre-
load is considered to be constant and it is equal to
Na = ±200kN/m and the effect of temperature differ-
ence and the pressure changes are examined. In this
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section, the deflection of the TDOF model is used.

Fig. 13. Contact force calculated from the TDOF
model compared with ABAQUS in presence of the tem-
perature.

Fig. 14. Deflection of the shell calculated from the
TDOF model compared with ABAQUS in presence of
the temperature.

Figs. 15 and 16 show the shell response in the pres-
ence of the tensile pre-load Na = ±200kN/m and dif-
ferent temperature differences. These results are also
summarized in Table 9. As can be seen from this table,
the temperature changes influence the shell response.
However, the positive temperature difference causes
the maximum contact force to decrease by 1.21% and
the maximum deflection increase by 1.53%. By apply-
ing a positive temperature difference, the contact time
increases by 1.02%. By applying a positive tempera-
ture difference, negative (compressive) initial stresses
occur and the overall stiffness of the shell decreases.
Vice versa, by applying a negative temperature differ-
ence, positive (tensile) initial stresses occur and the
overall stiffness of the shell is increases.

By applying the compressive pre-load, Na =
−200kN/m, the shell response for different tempera-
ture differences is shown in Figs. 17 and 18. These

results are also summarized in Table 10. By comparing
the results of the compressive and tensile pre-loads at
a certain temperature, it is concluded that the tensile
pre-load causes the contact force to increase and the
deflection and the duration of the contact to decrease,
while the compressive pre-load causes the contact force
to decrease and the deflection and the contact time to
increase. By applying a positive temperature difference
in the presence of the compressive pre-load, the maxi-
mum contact force decreases by 4.76%, the maximum
deflection increases by 3.06% and the contact time in-
creases by 3.85%. The negative temperature difference
causes the maximum contact force to increase by 2.8%,
the maximum deflection to decrease by 4.2% and the
contact time decreases by 2.4%. Similar to Figs. 15
and 16, regardless of the sign of the initial mechanical
stress, Na, the overall stiffness of the shell changes by
applying either positive or negative temperature differ-
ences.

Fig. 15. Contact force in presence of the tensile pre-
load Na = 200kN/m and different temperature differ-
ences.

Fig. 16. Deflection of the shell in presence of the ten-
sile pre-load Na = 200kN/m and different temperature
differences.
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Table 9
Impact response of the shell in presence of the tensile pre-load Na = 200kN/m and different temperature differences.
∆T (◦C) Curve Contact time (ms) Max. force/deflection

100 Fc-t 4.975 653.324N
xs-t 4.975 0.728mm

50 Fc-t 4.950 657.179N
xs-t 4.950 0.722mm

0 Fc-t 4.925 661.334N
xs-t 4.925 0.717mm

-50 Fc-t 4.900 665.638N
xs-t 4.900 0.712mm

-100 Fc-t 4.850 668.882N
xs-t 4.850 0.707mm

Table 10
Impact response of the shell in presence of the compressive pre-load Na = 200kN/m and different temperature differences.
∆T (◦C) Curve Contact time (ms) Max. force/deflection

100 Fc-t 6.500 499.757N
xs-t 6.500 0.979mm

50 Fc-t 6.400 507.955N
xs-t 6.400 0.961mm

0 Fc-t 6.300 516.038N
xs-t 6.300 0.946mm

-50 Fc-t 6.200 523.628N
xs-t 6.200 0.930mm

-100 Fc-t 6.125 531.104N
xs-t 6.125 0.916mm

Fig. 17. Contact force in presence of the compressive
pre-load N¬a=-200 kN/m and different temperature
differences.

The effect of different pressures on the shell re-
sponse in the presence of tensile pre-load Na =
200kN/m is shown in Figs. 19 and 20 and the max-
imum numerical values are shown in Table 11. Ac-
cording to these results, the presence of internal pres-
sure 200kPa increases the contact force by 5.96% and
decreases the deflection and contact time by 6.56%
and 7.57%, respectively, while the external pressure

−200kPa decreases the contact force by 7.81% and in-
creases the deflection and contact time by 9.91% and
8.12%, respectively. As described in Figs. 11 and 12,
the overall stiffness of the shell increases by applying
the internal pressure, and decreased by applying the
external pressure. Accordingly, the impact response
changes.

Fig. 18. Deflection of the shell in presence of the
compressive pre-load Na = −200kN/m and different
temperature differences.
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Table 11
Impact response of the shell in presence of the tensile pre-load Na = 200kN/m and different pressures.

P (kPa) Curve Contact time (ms) Max. force/deflection

200 Fc-t 4.575 700.726N
xs-t 4.575 0.670mm

100 Fc-t 4.775 682.112N
xs-t 4.775 0.692mm

0 Fc-t 4.925 661.334N
xs-t 4.925 0.717mm

-100 Fc-t 5.075 637.571N
xs-t 5.075 637.571mm

-200 Fc-t 5.325 609.608N
xs-t 5.325 0.788mm

Table 12
Impact response of the shell in presence of the compressive pre-load Na = −200kN/m and different pressures.

P (kPa) Curve Contact time (ms) Max. force/deflection

200 Fc-t 5.625 577.862N
xs-t 5.625 0.836mm

100 Fc-t 5.900 550.352N
xs-t 5.900 0.882mm

0 Fc-t 6.300 516.038N
xs-t 6.300 0.946mm

-100 Fc-t 6.875 471.500N
xs-t 6.875 1.045mm

-200 Fc-t 8.025 398.860N
xs-t 8.025 1.243mm

Fig. 19. Contact force in presence of the tensile pre-
load Na = 200kN/m and different pressures

The effect of different pressures on the shell re-
sponse in the presence of the compressive pre-load
Na = −200kN/m are shown in Figs. 21 and 22 and
the maximum numerical values are shown in Table 12.
As can be seen, in the presence of compressive pre-load,
the external pressure has more effects on the shell re-
sponse rather than the internal pressure. As compared
to the state where there is no pressure applied to the
shell, by applying the external pressure P = −200kPa
to the shell, the contact force decreases by 22.71%

and the deflection increases by 23.89%, while the inter-
nal pressure P=200kPa increases the contact force by
10.7% and decreases the deflection by 11.63%. Similar
to Figs. 19 and 20, regardless of the sign of the lateral
pressure, P, the overall stiffness of the shell changes by
applying either positive or negative initial stress in the
axial direction, Na.

Fig. 20. Deflection of the shell in presence of the ten-
sile pre-load Na = 200kN/m and different pressures.

The percentage of relative changes (δ) in the max-
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imum contact force, the maximum deflection and the
contact time versus temperature differences as com-
pared to the case where no temperature is applied to
the shell, are shown in Fig. 23. In this figure, it can
be seen that the effect of the initial temperature dif-
ference on the shell response is greater when the axial
pre-load is compressive.

Fig. 21. Contact force in presence of the compressive
pre-load Na = −200kN/m and different pressures.

Fig. 22. Deflection of the shell in presence of the com-
pressive pre-load Na = 200kN/m and different pres-
sures.

The percentage of relative changes (δ) in the max-
imum contact force, the maximum deflection and the
contact time versus radial pressures relative to the case
where no pressure is applied to the shell is shown in
Fig. 24. Making comparison between Figs. 23 and
24 reveals that generally, the initial pressure has a
greater effect on the shell response rather than the ini-
tial temperature difference, especially when the axial
pre-load is compressive. Regardless of the type of the
axial pre-load (tensile or compressive), the variation of

δ with respect to the initial temperature difference is
almost linear as indicated in Fig. 23. Furthermore,
as shown in Fig. 24, for tensile axial pre-load, the
variation of δ with respect to the radial pressure is al-
most linear. But, for the compressive axial pre-load,
the variation of δ with respect to the radial pressure is
nonlinear. For example, the maximum shell deflection
is affected by about 30% when the external radial pres-
sure is −200kPa and the axial compressive pre-load is
−200kN/m.

Fig. 23. The percentage of relative changes vs. tem-
perature difference in presence of the tensile and com-
pressive axial pre-loads.

Fig. 24. The percentage of relative changes vs. ra-
dial pressure in presence of the tensile and compressive
axial pre-loads.

7. Conclusions

In this paper, the low-velocity impact response of com-
posite cylindrical shells in the presence of the com-
bined mechanical and thermal pre-loads was investi-
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gated. The time function of the contact force was ob-
tained using a Two-Degree-of-Freedom (TDOF) model.
The results showed that the temperature changes can
change the shell’s impact response. The positive tem-
perature difference, compressive axial pre-load and ex-
ternal pressure cause the maximum contact force to
decrease and the maximum deflection and the contact
time to increase. Vice versa, the negative temperature
difference, tensile axial pre-load and internal pressure
cause the maximum contact force to increase and the
maximum deflection and the contact time to decrease.
The parameter (δ) was defined as the percentage of
the relative changes in the maximum contact force, the
maximum deflection and the contact time. Regardless
of the type of the axial pre-load (tensile or compres-
sive), the variation of δ with respect to the initial tem-
perature difference is almost linear. Furthermore, the
variation of δ with respect to the radial pressure is al-
most linear for tensile axial pre-load, but it is nonlinear
for the compressive axial pre-load.
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Appendix B

Mass matrix and stiffness matrix components used in
Eq. 12:
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