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Abstract

Accuracy in determination of mechanical properties in industrial parts is a
major issue in engineering. Various methods have been introduced to estimate
the mechanical properties of the industrial parts, and each has its own
features and limitations. The present research investigates the accuracy of
Instrumented Indentation Technique (IIT) with Kim’s model in determining
mechanical properties, including elastic modulus, yield stress, and work
hardening of the A516 steel samples having surface stresses. To this end,
some 3D simulations, using IIT on the steel sample with different surface
stress state, were performed, and the method’s error in comparison to the
initial assumed values were obtained. The results show that the surface
stresses significantly affect the error in determining the materials’ properties,
and the error in samples with tensile surface stress is more than that of
samples with compressive one. To validate the results, some experimental
samples with specified initial stress were prepared, which measured mechan-
ical properties by the IIT and then were compared with the tensile test results.

Nomenclature

Ac Contact area, m2 E Modulus of elasticity, MPa
e Error f Error function
hc Real contact depth, m hr Residual depth after unloading, m
hmax Maximum contact depth, m I Property
K Strength coefficient n Work hardening
P Load, N Pmax Maximum load, N
R Indenter radius, m S Unloading initial slope
ha Depth of circle of contact measured from

specimen free surface, m
h Depth, m

Greek symbols
e Strain et True strain
k Stress ratio Q Contact half angle
s Stress, MPa s1, s2 Surface stresses, MPa
sm Normalized surface stress st True stress, MPa
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sy Yield stress, MPa
Subscript
app Applied call Calculated

1. Introduction

Mechanical properties of materials determine their be-
havior against external factors such as loading. Al-
though mechanical properties are intrinsic properties
of materials, Doerner and Nix [1] showed that factors
such as stress, temperature, radiation, and time could
affect the mechanical properties. Periodic determina-
tion of structures’ mechanical properties considering
their loading is necessary to ensure engineering struc-
tures’ health and efficiency in the future. Determina-
tion of materials’ mechanical properties is conducted
by destructive and non-destructive tests. Destructive
tests, such as tensile test, provides more reliable re-
sults than non-destructive ones; however, they cannot
be used for parts in service. Therefore, researchers have
tried to use non-destructive tests for determining the
parts’ mechanical properties. In recent years, differ-
ent techniques have been developed to determine the
mechanical behavior of materials in a non-destructive
way. One of these methods is IIT, which is efficient and
powerful in determining some of the materials’ proper-
ties, including elastic modulus, yield stress, and work
hardening.

The principles of IIT are based on the indentation
of a rigid body to a flexible body and examining its
feedback. By indenting to depth h, the resistance force
P is produced, and the P -h incremental loading curve
can be drawn as Fig. 1. The unloading curve can also
be drawn as the indenter returns to its initial height
and by the gradual elimination of indentation. The
most important data extracted from the figure is re-
lated to the unloading part, which include the initial
slope of unloading section (S = dP/dh), contact depth
(hc), residual plastic displacement under the indenter
after complete unloading (hr), depth of circle of con-
tact measured from specimen free surface (ha) maxi-
mum depth (hmax), and maximum load (Pmax). The
properties of materials can be calculated with the use of
mentioned initial information and methods which have
been proposed for determining properties of materials
by researchers [2].

The IIT has some advantages over other techniques,
and different research works are still performed by in-
dustrial and academic centers to develop its applica-
tions and reduce the limitations of this method.

In 2005, a method for calculating elastic-plastic
properties of homogeneous materials using the spher-
ical indenter was developed by Lee et al. [3]. They
determined the most optimum point for sampling be-
neath the indenter. Besides, they presented the inden-
tation variables as a function of material properties by

performing finite element (FE) simulation at the opti-
mum point, and provided a novel numerical procedure
of the IIT. In 2006, Kim et al. [4] utilized the IIT to
determine materials’ tensile properties and drew the
strain-stress curve. The methodology includes exam-
ining the morphology of spherical indenter using the
FE method. Then the plastic behavior of the mate-
rial was formulated as a function of work hardening
and the ratio of indentation depth to the indenter ra-
dius. The results were experimentally validated on 10
different materials. In 2011, Boschetto et al. [5] used
the IIT to calculate the mechanical properties of steel
parts.The C40 steel discs were cut from an extruded
bar, and then successively machined by facing oper-
ation. Besides, the tungsten carbide indenters with
diameters of 1mm and 2mm were used to calculate the
yield strength and indentation pressure corresponding
to each diameter. In 2019, Wang et al. [6] utilized the
IIT to determine the Inc718 properties at high temper-
atures. They used the nanoindentation technique to
determine the hardness, reduced modulus, and creep-
ing parameters. They found that by increasing the
room temperature up to 650◦C, the modulus decreases
by 22-26%. It is while that the corresponded reduction
in hardness is 16-19%. In 2020, the neural networks
and IIT were used to extract the elastoplastic prop-
erties of alloys with an acceptable precision by Lu et
al. [7]. This method includes a multyfidelity proce-
dure in which the deep-learning algorithms are trained
to extract elastoplastic properties of metals and alloys
from instrumented indentation results using multiple
datasets

Fig. 1. a) Indentation load–depth curve, b) Indenta-
tion morphology [2].

In the studies mentioned above, the focus has been
maily on development of techniques for determining the
mechanical properties of materials using IIT by various
methods. Accuracy and validation of this technique
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in determining the mechanical properties is significant.
Some researchers have directed their works toward ex-
amining possible errors and have focused their atten-
tions on finding error sources, especially the effect of
surface stresses on the results of properties’ determina-
tion.

In 2004, Kese et al. [8] performed a research on the
properties of soda-lime glass and found that stress has
a significant effect on its mechanical behavior. Their
results revealed that stress would decrease the elas-
tic modulus. Besides, they have observed that hard-
ness is independent of stress, except at the point ex-
actly beneath the indenter where the stress is maxi-
mum. In 2006, Zhao et al. [9] found that a bulk mate-
rial with a uniaxial residual compressive stress needs a
higher force for indentation, while this force is less for
a material with uniaxial residual tensile stress. This
research was done both numerically and experimen-
tally, and the maximum difference between results was
less than 10%. In 2009, Huang et al. [10] used the
nanoscratch and nanoindentation techniques to obtain
residual stress’s effect on the properties of thin films.
They showed that the elastic modulus of the thin film
declined from 95GPa in compressive stress of 235MPa
to 86GP in tensile stress of 84MPa. In 2011, Khan et
al. [11] investigated the effect of residual stresses on the
nanoindentation of aluminum alloys in aerospace appli-
cations. They used the FE and experimental methods
to calculate the maximum indentation load, loading
curve’s curvature, elastic recovery depth, indentation
work, pile up, and surface contact. They showed that
there is a linear relationship between these values and
residual stress. In 2017, Skordaris et al. [12] performed
a research on the PVD films and found that the prop-
erties, cohesion, brittleness, and adhesion of produced
films are highly affected by residual stresses. The re-
sults showed that existence of stress has a considerable
effect on the determination of the mechanical proper-
ties of the coatings under study.

Literature review shows that there is lack of quan-
titative studies on the effect of residual effects on the

accuracy of the IIT technique in determining mechan-
ical properties.

In this reaserch, the effect of non-equibiaxial surface
stresses on the measurement accuracy of mechanical
properties on A516, as a widely used steel in pressure
vessels industry, was investigated. With this end in
view, many simulations and some experimental tests
were performed. The effect of different ratios of sur-
face stresses κ = σ1/σ2 (≤ 1) and nomalized surface
stress |σrn = σ2/σy| (≤0.9) on the error of the IIT tech-
nique in determining the properties of the steel were
obtained. Fig. 2 shows spherical indentation, two di-
mensional surface stresses and deviation in P -h curve.
Due to the increasing use of IIT and the importance
of reliability in its results, the results of this study can
be used by other researchers.

2. Materials and Methods

The accuracy of mechanical properties estimation us-
ing Kim’s model in different surface stresses state were
numerically studied. With this end, a parametric
three-dimensional FE model was developed, and con-
sequently the mechanical properties estimation proce-
dure by the indentation technique was simulated.

Due to the geometry and the contact details of the
indenter and the specimen, a 10×10×10mm3 cube FE
model with symmetrical boundary conditions on the
sides was considered as a quarter of the indented sam-
ple. The geometric model, as a deformable body, was
meshed by the eight-node elements type C3D8R. Since
the indentation area had large local deformations, to
avoid simulation convergence errors, the elements of
this area were considered to be finer than those of
other areas. In this study, it was assumed that the
surface stresses direction is definite and only the ball
type indenter with diameter of 1/16in was used as the
indentation tool. In the FE simulation, because of the
strong hardness of the tool, relative to the sample, the
ball indenter was modeled as a rigid body.

Fig. 2. Deviation in load–depth curve due to surface stresses [2].
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Fig. 3. The finite-element model: a) Boundary conditions, and b) The mesh beneath the indenter.

Fig. 4. True stress-strain curve with fitted curve used in simulation.

Fig. 3 depicts the geometric and meshed models
with loading and boundary conditions. The biaxial
compressive or tensile stress were applied to the model
by applying pressure along the outer surface of the
specimen, prior to the indentation as an alternative
to the surface stresses state. The Coulombus friction
law was employed between contact surfaces with the
friction coefficient of 0.15 [13].

Tensile test was used to improve the accuracy of
modeling the mechanical behavior of A516 steel in this
study. Based on tensile test results, the behavior of
the steel materials was considered to be elastic–plastic
while isotropic strain hardening and elasic modulus,
yield stress, and work hardening of the steel were con-
sidered to be 200GPa, 300MPa, and 0.1, respectively
for all simulations. In this case, the stress-strain rela-
tionship of the material was defined as [14]:

σ =

{
Eε ε ≤ σy/E

Kεn ε ≥ σy/E
(1)

where, K = σy(E/σy)n, E is Young’s modulus, σy is
yield strength, and the value of n is equal to the work

hardening exponent. True stress-strain curve with used
power law fitted curve are shown in Fig. 4.

In this study, in order to consider all the predicted
cases, 33 simulations of instrumented indentation tests
were performed. Material properties and stress con-
ditions used in the simulations are presented in Table
1.

Table 1
Material properties and loading conditions.

0.1
Work

hardening (n)

200GPa
Elastic

modulus (E)

±0.9 ±0.7 ±0.5 ±0.3 0

Normalized

surface stress

(σrn = σ2/σy)

1 ±0.75 ±0.5 ±0.25
Stress ratio

(κ = σ1/σ2)

300MPa
Yield

strength (σy)
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In all simulations, the indentation depth was com-
posed of ten 10µm steps, a total of 100µm, which oc-
cured after each local unloading step. In the numeri-
cal analysis and simulation part of this reserch for all
simulated cases, the force versus displacement varia-
tions, the P -h curve, were obtained. Fig. 5 shows a
sample of extracted P -h curves from ball indentation
simulation used for estimating mechanical properties
by Kim’s method.

3. Results and Discussions

Researchers have proposed different methods to deter-
mine material properties by analyzing the loading and
unloading P -h curve. One of these methods is repre-
sentative stress and strain [15] presented by Kim et al.
[16]. In this method, multiple indentations in different
indenting depths with a spherical indenter were used
in order to calculate the desired material properties.

A second-order empirical equation, which is ex-
pressed in terms of n and hmax/R was employed to
find the true stress and strain values [16].

An initial value for work hardening exponent, n,
is taken into account so that an approximation of the

real contact depth hc and the real contact surface Ac
can be made. As shown in Fig. 6, by using relations
(2) and (3), for each loading-unloading indentation in
a certain depth, a single point on the true strain-stress
curve is estimated [15].

σt =
P

3Ac
(2)

εt = 0.14 tan θ (3)

The constants “3” and “0.14” are plastic constraint
factor and proportion coefficient respectively, and θ is
the half-angle between contact surface and spherical
indenter which is calculated from the indentation ge-
ometry [15].

By fitting the assumed power law of equation (1)
into the calculated points, the complete stress-strain
curve is created and the needed materials’ properties,
including elastic modulus (E), yield stress (σy), and
work hardening (n), can be achieved [15]. If the new
“n” is equal to the initial guess, the calculations are
terminated, and the work hardening is obtained. Oth-
erwise, the average of the calculated “n” and the initial
guessed “n” is considered as the new “n”, and the cal-
culation is iterated.

Fig. 5. Displacement-force curves of IIT simulation: a) Uniaxial for different normalized surface stresses, b)
Biaxial (k=1) for different normalized surface stresses.
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Fig. 6. Schematic stress-strain curve obtained by the Kim’s method and IIT [15].

Fig. 7. The stress-strain curves simulated by IIT: a) Uniaxial for different normalized surface stresses, b)
Biaxial (κ = 1) for different normalized surface stresses.

Since this method features a calculational algo-
rithm, obtains data from different indentation depths,
obtains the average results, it is more beneficial than
other methods. Furthermore, another advatange is the
minimum use of surface contact points.

Fig. 7 shows the stress-strain curves plotted by
Kim method for a sample with different normalized
surface stresses corresponding to the stresses shown in
Fig. 5. It can be observed that by increasing the sur-
face stresses, the calculational error increases and con-
sequently the propertie’s values deviate from the real

value.
The inaccuracy of the mechanical properties cal-

culated by Kim’s model was quantitatively studied in
different conditions as mentioned in Table 1. The er-
ror value in each case was obtained by comparing the
calculated properties with the assumed properties as
follows [17]:

error =
Ical − Iapp

Iapp
× 100 (4)

where Iapp is the real value of the property and Ical
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is the calculated value of the estimated property by
Kim’s method on the stressed sample. By calculating
the errors, the deviation of properties from their real
values is determined. The error of desired properties
for different tensile and compressive surface stresses as
well as the normalized surface stresses are presented
in Table 2. As a result of Table 2, by moving from
tensile stresses to compressive ones, the elastic modu-
lus and yield stress increase, while the work hardening
decreases.

The impacts of some parameters affecting Kim’s
model errors variation were studied using some 3D

graphs. For further analysis, error variation was ap-
proximated by an appropriate function in each case
study. Fig. 8 demonstrates the graphical results of
the calculated error and two-dimensional surfaces fit-
ted using the least-squares method. The general form
of the obtained surface function as a third-degree two-
variable equation is presented in Eq. (5), where x and y
denote the normalized surface stress (σrn) and surface
stress ratio (κ), respectively.

f(x, y) = ax+ bx2 + cx3 + a′y + b′y2 + c′y3 + a′′xy

+ b′′x2y + c′′xy2 + d (5)

Table 2
Results of values of error calculations in A516 with surface stresses.

Applied stress Calculated error for (n) Calculated error for (σy) Calculated error for (E)

σrn = σ2/σy κ = σ1/σ2 % % %

-0.9

0.25 -35 25 34

0.5 -39 31 41

0.75 -42 33 46

1 -45 35 48

-0.7

0.25 -30 15 22

0.5 -32 19 27

0.75 -33 22 32

1 -33 24 34

-0.5

0.25 -20 8 13

0.5 -22 12 17

0.75 -24 15 20

1 -25 16 22

-0.3

0.25 -13 3 7

0.5 -14 7 11

0.75 -15 9 14

1 -15 10 15

0 Equal -5 1 2

0.3

0.25 15 -3 -7

0.5 18 -7 -14

0.75 20 -10 -17

1 22 -11 -19

0.5

0.25 20 -10 -15

0.5 28 -15 -22

0.75 35 -19 -27

1 38 -21 -29

0.7

0.25 40 -20 -30

0.5 49 -26 -38

0.75 55 -31 -44

1 59 -32 -45

0.9

0.25 50 -38 -44

0.5 63 -44 -53

0.75 74 -49 -59

1 78 -51 -63
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Fig. 8. a) Error of n in tensile stresses; b) Error of n in compressive stresses; c) Error of σy in tensile stresses;
d) Error of σy in compressive stresses; e) Error of E in tensile stresses; f) Error of E in compressive stresses.

According to the results, it can be stated that in
both compressive and tensile stresses, by increasing the
surface stresses (σrn), and the surface stresses ratio (κ),
the error in properties calculations increase. It was ob-
sereved that in low amounts of σrn and κ, the error
variation rate in tensile and compressive stress states
are approximately equal. As σrn and κ get larger, the

rate of error variation in tensile stress state has more
increase comparing to the compressive stress state. As
a result, in maximum tensile stresses the rate of error
variation is 1.3, 1.5, and 1.7 times the rate of error vari-
ation in maximum compressive stresses for elastic mod-
ulus, yield stress, and work hardening, respectively. In
tensile stresses the maximum error of elastic modulus,
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yield stress, and work hardening for κ = 1 will be 63%,
51%, and 78%, respectively.

On the other hand, the corresponded errors in max-
imum compressive stresses errors are 34%, 25%, and
35%, respectively. The error variations are nearly lin-
ear until σrn = ±30%, and then it becomes nonlinear
and incremental until σrn = ±90%. Nearly 50% error
of ratio κ=1 occurs at ratio κ = 0.25. It means that
the stress starting in the second dimension will lead
to error up to 50%, and it is important that stress is
considered in two dimensions.

4. Experimental Test and Verification

To validate the results of FE simulations, a cross-
shaped sample made of A516 steel alloy was used. To
obtain the real mechanical properties of the material,
the heat treatment was performed to release the initial
surface stresses and then standard tensile stress was
conducted as mentioned before. The elastic modulus
(E), yield stress (σy), and work hardening factor (n)
obtained from the experimental tensile stress, as shown
in Fig. 4, are represented in Table 3.

The sample was fixed in a special loading fixture,
which was made according to [18]. The strain was ap-
plied to the sample by straining screws, and its value
was measured by bounded strain gauge. Then, loading
and unloading by the IIT equipment was performed on
the sample by an indenter with a diameter of 1/16 in.
During the test the loading rate was 0.2mm/min to ful-
fill quasi-static conditions. Fig. 9 shows the test fixture

and the cross-shaped sample made of steel alloy.

Table 3
Results of standard tensile test on the steel sample.

Material E (GPa) σy (MPa) n

A516 203 290 0.1

The sample was fixed in a special loading fixture,
which was made according to [18]. The strain was ap-
plied to the sample by straining screws, and its value
was measured by bounded strain gauge. Then, loading
and unloading by the IIT equipment was performed on
the sample by an indenter with a diameter of 1/16in.
During the test the loading rate was 0.2mm/min to ful-
fill quasi-static conditions. Fig. 9 shows the test fixture
and the cross-shaped sample made of steel alloy.

Some samples of loading conditions tests and their
errors are shown in Table 4 where en, es and eE are
error of n, error of sy and error of E, respectively.

These errors include the errors resulting from Eq.
(5) obtained from simulation and the IIT error. In
both cases, the results were compared with the proper-
ties applied from Table 1, and it can be seen that there
is a good agreement between the results obtained from
both methods.

The P -h curves obtained from simulation and ex-
periment were compared and validated in the non-
stressed conditions as shown in Fig. 10. Moreover,
The stress-strain curves obtained from simulation and
experiment were compared and validated by the tensile
test curve in the non-stressed conditions as showed in
Fig. 11.

Fig. 9. a) Cross-shape sample; b) Test set; c) P -h Curve.

Journal of Stress Analysis/ Vol. 6, No. 2, Autumn − Winter 2021-22 55



Table 4
Comparison of results of error function f(x,y) and IIT error.

Applied stress Variables
Errors

IIT FEM IIT FEM IIT FEM

s1 (MPa) s2 (MPa) s2/sy k en (%) en (%) es (%) es (%) eE (%) eE (%)

-215 -222 -0.9 0.97 -48 -44 34 35 46 48

-172 -215 -0.87 0.8 -42 -42 30 32 45 44

105 175 0.71 0.6 52 51 -29 -29 -39 -41

196 245 0.99 0.8 82 83 -63 -62 -68 -65

Fig. 10. Comparison of experimental IIT and simulation results in non-stressed conditions (P -h curve).

Fig. 11. Comparison of experimental IIT and simulation results with the tensile test curve in non-stressed
conditions (Stress-strain curve).

5. Conclusions

In the present research, the materials’ properties in
general non-equibiaxial surface stress fields were esti-
mated using both IIT and Kim’s methods. With this
end in view, 3D finite element simulations were per-
formed to investigatethe effect of values and ratio of
2D surface stresses on the accuracy of preditions. It
was observed that by increasing the normalized surface
stresses (σrn), and the stress ratio (κ), the properties’
error increased. Besides, the error slope in the tensile
and compression ranges were not the same; such that

the error variation rate in tensile was nearly two times
as large as the compression. In tensile stresses, the
maximum error of elastic modulus, yield stress, and
work hardening for κ = 1 will be 63%, 51%, and 78%,
respectively. On the other hand, the corresponded er-
rors in maximum compressive errors were 34%, 25%,
and 35%, respectively. The variations of error were
nearly linear until σrn = ±30%; then it became non-
linear and incremental until σrn = ±90%. Nearly 50%
error of ratio κ = 1 occurred at ratio κ = 0.25. It
means that the stress starting in the second dimension
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will lead to an error jump, showing the importance of
considering stress in two dimensions..
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