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Abstract

Considering many applications of Shape Memory Alloys (SMAs) in order
to make structures smarter, a quasi-static analysis of curved beams made
of SMA has yet to be investigated. Therefore, a quasi-static analysis of
curved beams made of SMA under constant transverse force was inves-
tigated in this research. Hence, the 3D Hernandez-Lagoudas model was
used to express the nonlinear properties of an SMA curved beam. For the
mathematical modeling of the SMA curved beam, the Timoshenko beam
theory was applied considering the nonlinear strains. Then, the governing
equations were extracted using Hamilton’s principle. The kinematic equations
of SMAs were coupled with the governing equations of the beam, which
made the analysis more complex. Differential quadrature method (DQM)
in conjunction with the Newton—Raphson method was utilized to solve the
nonlinear governing equations. DQM is a new numerical method based on
the transformation of differential governing equations into algebra using
weighting coefficients. The main objective of this paper is to obtain the
martensite volume fraction, stress, and strain for all points of the beam. To
validate this paper, results of static bending of a straight beam made of
SMA using DQM were confirmed with other researchers’ works. Numerical
results showed that with the increase in the curvature radius of the curved
beam, the area of the hysteresis loop was increased, indicating a decrease
in the strength of the structure and, consequently, an increase in the
static deflection. In addition, some new outcomes were studied for various
boundary conditions. In the case of a clamped-clamped curved beam, it was
concluded that at the beam’s ends, the martensite volume fraction had the
highest value and as it approached the center of the beam, this value decreased.

Nomenclature
o Stress tensor L Length
€ Strain tensor R Radius of curvature
T Temperature b Width
£ Martensite volume fraction h Thickness
gt Transfer strain k Number of layers
«a Thermal expansion constant U Axial displacement
E(¢) Elastic modulus w Transverse displacement
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Al Transfer tensor
gt Uniaxial transfer strain
o? Transfer function
t.,(&) | Forward hardening functions

frwa(€) | Reverse hardening functions
D Transmission parameter

pAsg Transmission parameter
pAuyg Transmission parameter
CA,CM | Factors of the phase diagram

{dv}, {da}

Boundary and domain points

U Potential energy

w External work

N, (&) | Force resultants

M, (£) | Moment resultants
Qz2(&) | Shear force resultants

K, Shear correction factor

N Number of sample points
Cij Weighting coefficients
[K7] Linear stiffness matrix
[Knyz] | Nonlinear stiffness matrix

1. Introduction

In the last few decades, SMAs, as smart and innova-
tive materials, have found different applications in var-
ious fields of engineering due to their unique behaviors.
The reversible phase-change capability of these alloys
makes them able to undergo many deformations. In
addition, depending on the existing temperature and
stress conditions, they return to their original shape
when loaded or unloaded. This capability, which is as-
sociated with a change in the mechanical, thermal, and
electrical properties of the alloy, has caused SMAs to
be considered as a suitable choice to be used in smart,
advanced, and adaptable structures.

Here, a brief review of the articles on the analy-
sis of SMAs in composite structures is presented. Wu
et al. [1] investigated the low-velocity impact resis-
tance of a composite plate improved by pseudo-elastic
characteristics of SMA using the finite element (FE)
method. They used the modified Hertz’s contact law
to obtain the impact force. A composite plate rein-
forced by SMA wires under low-velocity impact load-
ing was investigated by Khalili et al. [2]. Hybrid com-
posite plates reinforced by SMA wires for some im-
portant parameters under low-velocity impact loading
was studied by Khalili et al. [3]. The dynamic analysis
of composite plates with SMA wires was presented by
Shokuhfar et al. [4]. In this paper, a hybrid composite
plate during the low-velocity impact phenomena was
studied in order to minimize the maximum deviation
passing through. To increase the damage resistance
of the composite structures under the low-velocity im-
pact, the effects of SMA films as a reinforcement in
composite plates were examined by Kim et al. [5].
Khalili et al. [6] considered the dynamic analysis of
a continuous SMA hybrid composite beams subjected
to impulse load, taking into account the instantaneous
phase transformation at any time and also material
nonlinearity effects, for every point along the beam. In
their study the Brinson model is employed for mod-
elling the SMAs. The thermal study of functionally
graded SMA composites was investigated by Liu et al.
[7]. Khalili et al. [8] investigated the dynamic analysis
of a nonlinear continuous sandwich beam with flexi-
ble core and hybrid composite with SMA face sheets

taking into account the phase transformation and also
the material non-linearity effects for every point along
the face sheets. The dynamic behavior of SMA hy-
brid composites under uniform heating after buckling
of laminated beams was investigated by Asadi et al.
[9]. Post-buckling behavior of Shape Memory Alloy
(SMA) hybrid composite laminated beams under uni-
form heating was investigated.by Asadi et al. [10]. The
dynamic response of nonlinear sandwich plates with
flexible core and composite face-sheets embedded with
SMA wires was investigated by Botshekanan Dehko-
rdi et al. [11]. To increase the low-velocity impact
resistance of composite aerosol structures with SMA
properties using a numerical method in the framework
of Carrera’s unified formulations (CUF), a method was
proposed by Hu et al. [12]. Junior et al. [13] investi-
gated the SMA hybrid composite cylindrical stiffened
panels taking into account the effects of temperature
on aeroelastic stability. Thermal buckling and post-
buckling of laminated composite beam reinforced with
SMA wires was investigated by Bayat and Ekhteraei
[14]. An analysis of post-buckling and thermal buck-
ling of laminated composite beam reinforced with SMA
wires was explored by Bayat et al. [15]. An analysis of
thermal, mechanical, and thermomechanical buckling
and post-buckling of symmetric laminated composite
plates reinforced with SMA fibers was presented by
Kabir and Tehrani [16]. Fahimi et al. [17] examined
the bending response of an SMA reinforced composite
beam using Brinson and Euler-Bernoulli beam models.
Coherent surface theory for dynamic behavior of hybrid
composite reinforced by SMA wires was investigated
by Ali et al. [18]. Karimiasl et al. [19] studied post-
buckling behaviors of doubly curved composite shells
in hygro-thermal environments using the multiple-scale
perturbation method. Enferadi et al. [20] studied
wave-induced vibration control of offshore jacket plat-
forms through SMA dampers. Nejati et al. [21] consid-
ered the thermal vibration of a double curved sandwich
panel (DCSP) with embedded pre-strained SMA wire
hybrid composite face sheets and soft core. Suzuki and
Kagawa [22] studied the dynamic tracking control of an
SMA wire actuator. Bayat and Toussi [23] studied the
structural analysis of composite beams in nonlinear hy-
brid SMA. Shafeia and Kianoush [24] considered plas-
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ticity and damage growth in steel reinforced concrete
structures with SMA wires under impact loads. Fallah
et al. [25] investigated the dynamic response of mi-
crobeam containing graded shape memory microwires
considering nonlinear effects. Aghababaiyan et al. [26]
presented the transient nonlinear dynamic response of
a micro-composite beam reinforced with carbon nan-
otubes (CNTs) containing SMA micro-wires consider-
ing the size effect. Fallah and Botshekanan Dehkordi
[27] studied the nonlinear dynamic response of a mi-
cro composite plate embedded with micro SMA wires
based on the first-order shear deformation theory con-
sidering the size effects. Kamarian and Song [28] ex-
amined the vibration analysis of composite plates with
CNTs and SMA wires. Shariyat and Mirmohammadi
[29] studied the time-dependent vibration response of
SMA wires embedded in composite microplates consid-
ering nonlinear effects.

According to the mentioned researches, a quasi-
static analysis of curved beams made of SMA has yet
to be investigated. Therefore, the main contribution of
this work is modelling and quasi-static analysis of SMA
curved beams considering material as well as geomet-
rical nonlinearities. In order to express the character-
istics of SMAs, the 3D Hernandez-Lagoudas model is
used. The Timoshenko beam theory is employed for
modelling the SMA curved beam considering the non-
linear effects of strains. The governing equations are
extracted using Hamilton’s principle. The numerical
methods of DQM and Newton-Raphson are used for
solving and calculating the martensite volume fraction,
stress, and strain at all points and layers of the curved
beam.

2. Hernandez-Lagoudas Model

In this research, the model presented by Hernandez-
Lagoudas is used for modeling the nonlinear behav-
ior of SMAs [30]. Hernandez-Lagoudas model is an
updated, complete, and exact model which can be
employed for modelling the structures in a 3D form.
Therefore, this model is used in this research for mod-
eling the curved SMA beam. Lagoudas model is based
on three main variables stress tensor o, strain tensor
g, and the absolute value of temperature 7" and has
two sub-variables of martensite volume fraction & and
transfer strain ef. Total strain and stress are defined
as follows [30]:

L t
E=%<U)+Q(T—T0)+€,

o=E()[e - a(T —Tpy) —€'],

(1)
(2)

Where T and « are the reference temperature and
thermal expansion constant, respectively, and the elas-
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tic modulus (E(&)) is as follows [30]:

1 1 1\

20 = [+ (7~ 1)
In the above equation, the superscripts M and A
denote the martensite and austenite phases, respec-

tively. The relationship between the transfer strain
rate and the martensite volume fraction rate is [30]:

(4)

Where, Al is the transfer tensor and is defined as fol-
lows:

(3)

gl = ¢A,

At g =H(o)sgn(o) £€>0

—r _ (5)
e’ £<0

Al =
At

rev é-r

Where “fwd” and “rev” represent the loading and
unloading phase transitions, respectively. Also, H,
et=", and £" are the uniaxial transfer strain, the trans-
fer strain in the recovery phase, and the martensite vol-
ume fraction in the recovery phase, respectively. The
transfer function (®*) during the loading and unloading
phase is defined according to the following equations
[30]:

O,y 0<E<T €20

o = . (6)
O, 0<E<1 <0
1 1 1
t _ 2
(I)fwd_ (1—D)|0‘|H(0‘)+§ <E—M— ﬁ)d‘

+ pAsoT — pAug — ff,4(€) = Yy, (7)

t—r
. € 1/ 1 1Y\
¢7‘e’u__(1+D)U é_r _§<E—M_ﬁ)0

- pASOT + pAuO + fvfeu (5) - YvOt’ <8)

To satisfy the second law of thermodynamics, the range
changes of martensite volume fraction is between zero
and one and the smaller transfer function is equal to

zero. In other words:
<0 Edt=0 0<e<1

(9)

Also, the hardening functions ff,,4(¢) and ff,,(§) are

defined as follows [30]:

Fhoal€) = Say (146" — (1—€)") + a3,

: (10)

1 n n.
ﬁev(g) = 5(12(1 +£ s — (1 _é) 4) — as, (11)
In the above equations, the transfer parameters D,
pAsg, pAug, Y, as, ar, and a3 are defined as follows
[30]:
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D_ (CM — CA)[H™ (o) + 00, H" (o) + o (S1{1; — Sfi11)] (12)
(CM 4 CA) [HC"T(U) + UBJHC“T(U)} 670*’
Asg = —2(cMc4) [HCW(U) + 00, H (o) + o (St1y — Sin) (13)
pes0 cM tc4 n
~ pAsg Using the Timoshenko beam theory, the displace-
pAUo = (M, + My), (19) ment field is as follows [31]:

t_ PASO U - 0 19
YE) = 9 (MS_Mf)_a3a (15) (mvz,t) _u(xat)+z ($,t), ( )
a1 = pAso(My — M,), (16) Wiw,2,t) = w(z,t), (20)
as = pAso(A, — Aj) (17) Where v and w show the displacement of the mid-

aq 1+ 1 1
a3 = —— -
3 4 n+1 no+1

ag 1 1
-1+ — - — 18
+4(+n3+1 n4+1)’( )

Where C4 and CM are the factors of the phase dia-
gram and stress penetration coefficient of the austenite
and martensite phases, respectively. Also, A, M, Ay,
and My are the start of austenite phase, the end of
austenite phase, the start of martensite phase, and the
end of martensite phase, respectively. In addition, o* is
the reference stress in which the mentioned parameters
are obtained.

3. Governing Equations of SMA Curved
Beam

The schematic of the curved beam made of SMA is
shown in Fig. 1. The curved beam has the length of
L, radius of curvature of R, width of b, and thickness
of h. The structure is divided into k layers and the
coordinate axes are considered in the middle layer of
the curved beam.

Fig. 1. Schematic of SMA curved beam made.

dle plane along the length and thickness directions, re-
spectively. It should be noted that the middle plane
z = 0 is for the case where the z coordinates are in line
with the thickness of the beam. Using the mentioned
displacement field, the nonlinear strain-displacement
relationships in term of the martensite volume fraction
become as follows:

4,06 = gl + 25000+ 3 (ul®)) - Ui,

2 \ Ox R
(21)
0 ~ou(f)
(€)= 2-w(€) +0(ai) + 2. (22)

According to Hooke’s law, the relationship between
stress-strain for each layer of the curved beam in term
of the martensite volume fraction is written as follows:

o (§) = E*(€)[eh, (&) — oM((T — Tp) — £ (£)],
(23)
o (24)

_ EF© ¢
I;z(g) - m(giz(é-) - Ezkz(g)),

Where the elastic modulus and Poisson’s ratio of each
layer of the curved beam are calculated as follows:

E*(&) = Ea — {(Ex — Ea), (25)
VM (€) = va — E(un — va). (26)

The longitudinal and shear strain of transfer are as
follows:

tk __ max OJICI(E)
e e e
Etxkz — fmax O—iz(g) g (28)

Vb, (€)% + 30k,(6)?
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The potential energy of the curved beam made of In the above, Q5 SMA MgMA, NgMA relationships,

SMA is as follows: force, moment, and shear force are related to SMA,
which are defined as follows:
oU = / / (02wd€ra + 020z )dAdT
o Ja
SMA Tk
/ / 86u 250(6)  dw() dsw(e)  ow©)) Ne Z DEM(§)ely (€)dz, (37)
Oza + z + —
ox ox ox R
SMA Lk
+ 0w (85;”;5) + Stheta(wi) + 6“1(%5) > dAdz. 20 Me Z / DEN(€)ek (€)2dz, (38)
The external force work of the curved beam made of i +1 (©)
SMA und tant t load is as follows: QM4 / P, (39
under constan raanverse oad is as follows Z 1—|—Uk( ))5 . (&).  (39)
oW :/ / qyowdz. (30)
0o Ja

Also, the constants Ajq (1), Bii(xi), D11 (zi), Ass(xi)
Finally, using Hamilton’s principle ( f00(5U —oW)dt = 0)2}1”e as follows:

the governing equations of the structure are extracted

as follows: Aq (€ Z /Z’Hrl bE* (¢ (40)
CONg (&) Qux(§)
ou : D 7= 0, (31)
du(§) / RRCGE (41)
B bE"( 2,
. 09O Nasl€) | 0 o Oul)y n( Z )
ox R ox ox
(32)
Z / o bE*(€)2%dz (42)
OM,. D1 (¢ )
s0: Meld) 6=, (33)
X
Where the force and moment resultants are defined as EN iz b Ek( £)
‘: A f— —d ) 43
follows . 5(¢) ! /Zk 2(1+ vh(zi)) i
Zk41
er = bEk Efcz - etzkz d
9 ; /Zk (€)1 (£))d= Where K is the shear correction factor.

2
0 A
= <A11(€) agf) + B11(§) 88(;) + 112(5) <0zg;§)> 4. Numerical Solution

5 The differential quadrature method is one of the nu-
_ An(g)ﬂ — N£SM A (34) merical methods in which the governing final coupled
R equations are transformed into algebraic relations using
the weight coefficients. Hence, the function derivative
Nk rzei A o can be written as a linear sum of weight coefficients
Mqo () = /z bE (5)( M (JIELLE at each point. The main relationship of DQM for a
k=177 one-dimensional problem is expressed as follows [32]:
[ du() (&)
= zdz = B1(§) +Du(§)—> df(x) _ <
kz_:l / O oz = Z Cijfj(z), (44)

2
+ Bul§) <8w_(§)> - Bu(g)éw—@ MgMA, (35) Where f(z) is a function, N is the number of sam-
2 Oz R ple points, and Cj; is the weighting coefficients to ob-

Vi tain the function derivative at each point. Gridding of

_ Frt1 bEE (&) k k points along the length of the beam according to the
Qu2(§) = —~ /., 2(1 + vk (1)) (E”(O ~ Caz (5)) Chebyshev transition distance is obtained as follows:
dw(¢) W€ _ ,sma =L i1 =1, N (45

:All(g)w+A55(f) R Qf 5 (36) xz— 5 — COS NS—]_ ™ 1= N < )
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Also, the weight coefficients for the one-dimensional Also, for the higher order derivative, we have:
problem are obtained as follows:

(n—1)

M (x;) C, (n) (n—1) ~(1) Ciy C
>~ fori#j i,j=12,.,Ne c,.'=n|C,; 'C,; - ——— i 48
o, M) # 3 1,J j T #j  (48)

oM — .
ij _ZC'('I) fori#j, i,j=1,2, ... N, In this method, the derivatives are replaced by their
et v respective weight coefficient matrices. Using the above
7 equations, the governing equations in the form of DQM
(46) are as follows:
Where in the above relations:
Ny
M(x;) = [ (@i — ;) (47)

j=1

i#£]

N A, N N

A11 Z C’z(f)uj(x, t) - Til Z C,‘j’wj (ZL‘, t) + B11 Z CZ(JQ)O] (1‘, t)
j=1 j=1 j=1
al Ass & A
2 55 55
+ Ay Z Cijwj(x,t) Z C(j)wj(a:7t) - Z Cijwj(z,t) — ﬁuj(agt)
j=1 j=1 j=1
- i) + —fR =0, (49)
al A
A55 Z Cijwj (LL', t) + %uz(x, t) + A55(9i(.%', t) — Q?MA
j=1
Bi, N
—Blljzlc )ujxt F;
N N
—Dllszf)GJ(x t BHZC”’U)J Z, t ZC 0, (50)
j=1 Jj=1 Jj=1

N N N
A
Ass E C’iju}j(x, t) + % E Cijuj(%t) + Ass E Cijej(l‘,t)

=1 =1 =1

N
AMZC’HU] x,t) /}1% —%Z

All NSMA
ZC,Jw] x,t) ZCU’LU] z,t) R

_ All Z;\’zl CZ(JQ)UJ(x’t) A11 Zj 1Cijj($ t) +Bll Zj 10(2)0 ( )
> Cijwy(x,t)+

An YN Cijug(e,t) — Atwy(z,6) + Bu YN, CP0;(x,t) | w
e . S cPwi(a,t) = 0. (51)
+AL 3T Cogw;(a,t) 305, Cijw;(x, 1) — NFMA i=1
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Boundary condition equations are coupled with the
governing final equations. As a result, the points re-
lated to the boundary condition and the domain can
be separated as boundary and domain points. There-
fore, the boundary and governing final equations may
be expressed in the form of a matrix as follows:

d)tn @

Where F' represents the transverse force on the
curved beam. Also, {dy} and {d;} are the bound-
ary and domain vectors corresponding to the boundary
points, respectively. Also, [Kr] and [Ky] are the lin-
ear part of the stiffness matrix and the nonlinear part
of the stiffness matrix, respectively, which are as fol-
lows:

{0}

K K
L+ KNL { {F}
K

e Linear matrix:

AssT
K= ApnC? — 1352 , (53a)
AssT
Kpip = BnC? = =2~ (53D)
“ A4, C — A
K3 = M, (53c)
AssT
Kpn = =5~ = BuC?, (53d)
Koo = AssI — Dy, 0%, (53e)
B:C
Ki3 = As5C + z ; (53f)
AssC A C
Ko — _
L31 R R (53g)
B, C
Kpzp = As5C — lRl ; (53h)
Anl ,
Kpss = AssC° + ];2 — NEMAC?, (53i)
e Nonlinear matrix:
Knpn =72, (54a)
Knri2 = 7, (54b)
Knriz = A (Cw)C?, (54c)
Knpa1r = Z, (54d)
Knr22 = 7, (54e)
Knp2s = =B (Cw)C?, (54f)

33
Knis1 = A1 (C?w)C + Ay (Cw)C?, (54g)
Knra2 = B11(C?w)C + By1(Cw)C?, (54h)
A An 2
KNLBS = ——(Cw)C — —(C’w)C + AH(C’w)(C ’LU)C
2R R
- %(Iw)c*? + %(cw)(cw)c% (54i)

Where C'is the weight coefficients and Z is the zero
matrix. The above equation is a nonlinear equation
and the process of solving it for the nonlinear state is
as follows (Newton-Raphson method):

1. The nonlinear terms in the stiffness matrix are
ignored and the displacement vector {d} is cal-
culated in the linear state.

2. The obtained displacement vector is placed in the
nonlinear terms of the stiffness matrix and the
displacement vector corresponding to the non-
linear state is calculated again.

3. Then, the displacement vector is compared with
the displacement vector of the previous step and
this process continues until the following conver-
gence ratio is satisfied:

dig1—d;

£ <0.01 95
< (55)

5. Convex Cutting-plane Return Map-
ping Algorithm

As mentioned above, first, the nonlinear displacement
of the curved beam made of SMA is calculated us-
ing DQM. Then, using the convex cutting-plane re-
turn mapping algorithm, the martensite volume frac-
tion, stress, and strain are calculated at any point of
each layer of the curved beam. This algorithm solves
the thermoelastic transfer problem which is defined by
the relationship of total strain, flow law, and transfer
function by dividing the problem into two consecutive
processes. In the first process, according to a ther-
moelastic prediction, it is assumed that the transfer
strain is zero. If this prediction leads to the violation
of the transfer criterion ¢ < 0, according to the second
process, a series of transfer correction relations will be
used to satisfy the mentioned transfer criterion. This
algorithm includes the following steps [33]:

I At the beginning of loading, the default values of
martensite volume fraction, transfer tensor, and
transfer strain are assumed to be zero.

IT The values of Young’s modulus E(§), con-
stants Ay (zi), B11(xi), D11(xi), Ass(xi) inter-
nal forces, and SMA moments (QfMA, MgMA,

NESMA) are calculated.
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IIT Longitudinal and shear strains are calculated
with the help of non-linear displacement obtained
by the DQM.

IV Softness tensor S(£) and then the values of axial
and shear stress (0.4(£),0..(§)) are calculated
and finally the equivalent stress is calculated us-
ing the von Mises criterion.

V The transfer function has two states. If the
transfer function is smaller than or equal to zero
(¢(¢) < 0), the martensite volume fraction |,
stress, strain, and calculated transfer strain are
final, provided that the difference of the marten-
site volume fraction calculated with the value of
the previous step is insignificant.

VI If the transfer function is not smaller than or
equal to zero, the correction values of marten-

27-40 34

site volume fraction should be assumed. In other
words:|

7¢t(k)
e Calculate —+L which qubfl(f)l :

—1(k k
nil )(ASU'rH»l + Af’7,(+)1)

e Calculate {Si:_ll) = 572’21

(k+1)
n+1 - €n+1 + A671—&—1

o If 0 < §7(111+11

ued, otherwise, f

k
fr(z+)1 =

+ Afgﬂl and

ALR)

<1 Let the steps be contin-

) set at the boundary

7L+1
(k+1)
of the mentioned range and (5§n T & ++1

t(k+1) .

and €,y ~ is recalculated.

The convex-cutting plane return mapping algo-
rithm is shown in Fig. 2

[ Rotate all tensors from last increment n by @, , ]

v

[ lecie=ln e li=

t(0) _
E‘!’l €1 = E ]

v

n+1

[ Calculate ¢

t(0)
and ¢, ) ]

Find AZ(),

Retain results then Exit
(Response elastic)

[ Calculate En+1

(k+1)
and £n+1 ]

Set E(kﬂ)

n+1
bound and Recalculate

(k) (k+1) (k+1)
AEn+1’ En+1 and £ n+

to violated

(k+1) t(k+1)
[ Calculate g, then &, ]

No

n+1

el <0 Yes

Retain results then Exit
(Response elastic)

Fig. 2. Convex cutting-plane return mapping algorithm.
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VII This process is repeated for each stage of loading
and unloading and for each point at each layer
of the curved beam until the martensite volume
fraction, stress, and strain are finally derived.

6. Numerical and Results Discussion

In this part, an SMA curved beam made from nickel-
titanium (NiTi) with the properties presented in Table
1 is used to express the results [34]. The results are pre-
sented for different loading and unloading conditions at
constant temperature T=T0=300 K. To express the re-
sults, a clamped-clamped curved beam with a length of
5 m, curvature radius of 1.2 m, and thickness of 0.3 m
is assumed. The results of this section are presented for
the middle point of the clamped beam and the upper
layer. This part includes three parts: convergence of
the numerical solution, validation of the outcomes, and
investigation of the quasi-static behavior of the SMA
curved beam.

Table 1
Properties of nickel-titanium SMA [34].

Properties Unit

H 0.03

As 217K
Ay 290K
M 264K
My 160K

vA = oM 0.3

E4 32.5GPa
Eyv 23GPa
pASy -0.11e6 J/m3K
AC le-4

6.1. Convergence of Numerical Method

Table 2 shows the convergence and accuracy of the nu-
merical solution. In this table, the transverse deflection
of the middle point of the curved beam is shown in the
dimensionless form (w/h) for the end of the loading
phase. The results show that in N = 21, the results
are converged and that the increase of grid points has
no effect on the rise of the structure’s deflection.

Table 2
Convergence of DQM for static deflection.
N w/h
15 0.0057
17 0.0127
19 0.0170
21 0.0174
23 0.0174
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Fig. 3 shows the static bending diagram of the
curved beam for the middle point of the beam and the
top layer along the length for the clamped-clamped
boundary condition at the beginning of the loading
stage. It can be seen that with the increase in the
number of layers, the deflection decreases. Also, the
deflection of the structure at the end of the loading
stage is more than that at the beginning of loading,
which seems reasonable. In addition, with the increase
in the number of layers, the rate of changes in the de-
flection decreases.

0.06 T T T T T T T T T
— layer=5
— = = layer=10
0.05 layer=15|
layer=20
layer=25
=004
g 0.03
1
o
=
“
R 0.021
0.01

0 01 02 03 04 05 06 07 08 09 1
x/L

Fig. 3. Effect of the number of layers on the static de-
flection of the structure at the beginning of the loading
stage.

6.2. Validation of Results

First, the bending of a simple curved beam without
SMA is validated. For this purpose, a curved beam
with an elastic modulus of 130GPa, Poisson’s ratio of
0.34, density of 8960kg/m?, angle of 60°,and length-to-
radius ratio of 20 is considered, and the dimensionless

static deflection (W = w/h) in terms of the dimension-
3

less load P = £ is shown in Fig. 4. As shown, the
static deflection of this project is in good validation
with the article of Anirudh et al. [35].

For another validation of this work, the results of
this research are compared with the three-point bend-
ing test for a straight SMA beam with simple two-end
boundary conditions conducted by Eshghinejad and
Elahinia [36]. The properties of SMA in this part are
shown in Table 3.

For comparison, a beam with a length of 49.92mm,
width of 2.9mm, and thickness of 0.95mm is considered.
The deflection at the beam’s center is shown in Fig. 5
in terms of the transverse force. As can be seen in the
figure, in both loading and unloading parts, the results
of this research have an acceptable agreement with the
results of Eshghi Nejad and Elahini [36]. The reason
for the small difference in the elastic part between the
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results of this report and Ref. [36] is the different mod- of the curved beam, the deflection increases because
els and solution methods. In this paper, DQM is used, with the increase of the curvature radius, the stiffness
while in the article by Eshghi Nejad and Elahini [36], of the structure decreases.

the three-point bending test method is used. 30 T T T T T T
= = = Eshghinejad and Elahinia (2015)
0.7 T T T T T T T T T prys Present work -
-
Prgﬁnﬂ:lu1)rl\ - — s A ’
_ osf ©  Anirudh et al. (2020) D 9
= 20 o
§ 05 . Z 32
3 R R
S L i 2 2
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é 0.3 b 8L [’ /
= 2,
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(=] &
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0 20 40 60 8 100 120 140 160 180 200 Fig. 5. Comparison of the results of this research with
Nondimentional load, Q the three-point bending test of a straight SMA beam.
Fig. 4. Comparison of the present results with the 10
. . . - . : ; : : _—
results of Anirodeh et al. for bending analysis of the 25 P i
curved beam. - = =R=1.10m e 7
R=1.15m ,’ v
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Properties of nickel-titanium memory alloy [36]. 4
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Cwum 5MPa/°C Fig. 6. Effect of curvature radius on the stress-strain
Ca 10MPa/°C diagram of the SMA curved beam.
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6.3. Quasi-Static Analysis of the SMA Curved 0.01F \
Beam A
. . . < oo
Fig. 6 shows the changes of stress against strain for a =
different curvature radius of the curved beam for the £ 0.006
middle point of the beam and the upper layer. As can E
be inferred from the figure, with the increase in the 0.004
curved beam’s curvature radius, the area of hystere-
sis loop increases, which indicates a decrease in the 0.002
strength of the structure. The effect of the curvature
radius of the curved beam for the middle point of the % ©01 02 03 04 05 08 07 08 09 4
beam and the upper layer on the deflection is shown x/L

in Figs. 7 and 8 for the beginning of the loading stage Fig. 7. Effect of curvature radiu.s on the static deﬂgc—
and the end of the loading stage, respectively. As it tion of the structure at the beginning of the loading
can be seen, with the increase of the curvature radius Stage-
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Fig. 8. Effect of curvature radius on the static deflec-
tion of the structure at the end of the loading stage.

The distribution of martensite volume fraction for
the loading and unloading stages at different points of
the clamped-clamped beam is drawn in Fig. 9 for the
top layer. On the longitudinal axis, up to number 300
is related to loading and the range from 300 to 600 is
related to unloading and ¢ is considered to be equal
to 0.01N/m. It can be seen that on the left side of the
beam (x = 0), the martensite volume fraction has the
highest value and as it approaches the center of the
beam, this value decreases.

0.25 T T T T T

3

= 02r
S

51

é 0.15
L

2

=]

= 01
i

'z

3]

= 0.05
]

=

Load step

Fig. 9. Distribution of martensite volume fraction for
different stages of loading and unloading.

Fig. 10 shows the changes of stress against strain
for various boundary supports for the middle point of
the beam and the upper layer. As can be inferred
from the figure, the clamped-clamped curved beam
has the lowest area of hysteresis loop. Figs. 11 and
12 show the effect of the boundary supports on the
deflection for the middle point of the beam and the
upper layer for two stages a) the beginning of the load-
ing stage and b) the end of the loading stage, respec-
tively. As it can be seen, the clamped-clamped curved
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beam has lower deflection with respect to the simply-
simply and clamped-simply curved beam due to more
bending rigidity. In other words, the maximum deflec-
tion for the clamped- clamped curved beam is 1.857mm
while it is 2.224mm for the simply-simply curved beam,
which shows a reduction in deflection by approximately
20%.vspace2mm
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Fig. 10. Effect of the boundary supports on the stress-

strain diagram of the SMA curved beam.
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Fig. 11. Effect of the boundary supports on the static
deflection of the structure at the beginning of the load-

ing stage.

7. Conclusions

The main objective of this paper was to obtain the
martensite volume fraction, stress, and strain for all
points of the beam. To validate this paper, results of
static bending of a straight beam made of SMA using
DQM were confirmed with other researchers’ works.
Numerical results show that with the increase in the
curvature radius of the curved beam, the area of the
hysteresis loop is increased, indicating a decrease in the
strength of the structure and, consequently, an increase
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in the static deflection. In addition, some new out-
comes were studied for various boundary conditions.
In the case of clamped-clamped curved beam, it was
concluded that at the beam’s ends, the martensite vol-
ume fraction had the highest value and that as it ap-
proached the center of the beam, this value decreased.

-
w
T

Deflection, w (mm)

05T

0 01 0.2 0.3 0.4 0.5 06 0.7 08 0.9 1
x/L

Fig. 12. Effect of the boundary supports on the static
deflection of the structure at the end of the loading
stage.

In this research, a quasi-static analysis of curved
beam made of SMA was investigated. @ The 3D
Hernandez-Lagoudas model was used to express the
nonlinear behavior of the SMA curved beam. For
the mathematical modeling of the SMA curved beam,
the Timoshenko beam theory was applied considering
the nonlinear strains. Then, the governing equations
were extracted using Hamilton’s principle. The kine-
matic equations of SMAs were coupled with the gov-
erning equations of the beam, which made the analysis
more complex. To solve the nonlinear governing equa-
tions, DQM in conjunction with the Newton—Raphson
method was utilized.

The purpose of this paper was to calculate the
martensite volume fraction, stress, and strain for all
points and layers of the curved beam. To validate
the presented research and solution method, the static
bending of a SMA beam was presented and the ob-
tained outcomes were validated with the other papers.
From the results of this research, it can be found that
with the increase in the curvature radius of the curved
beam, the area of hysteresis loop increased, indicating
a decrease in the strength of the structure. It can also
be seen that with the increase in the curvature radius
of the beam, the deflection increased. In addition, for
the clamped boundary conditions on the left side of the
beam, the martensite volume fraction had the highest
value and as it approached the center of the beam, this
value decreased.
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