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Abstract

Nonlinear axisymmetric forced vibrations of annular circular plates reinforced
by functionally graded carbon nanotubes (FG-CNTs) under elastic boundary
conditions and harmonic pressure are studied in this paper. The material
properties of the plate are assumed to be graded according to the different
types of distribution patterns along the plate thickness. Using Hamilton’s
principle and Von Karman’s nonlinear strain-displacement relations, partial
differential equations of motion are derived. In the first step, the linear
equations of the system are using the generalized differential quadratic
method (GDQM), and the linear natural frequencies and mode shapes of the
plate are obtained. In the second step, after applying the Galerkin method,
the nonlinear partial differential equations of the plate are converted into
nonlinear ordinary differential equations. Afterward, in order to acquire the
nonlinear frequencies of the plate, the nonlinear equations of the plate are
solved analytically using the multiple time-scales method. Finally, the effects
of some system parameters, such as the volume fraction and distribution pat-
tern of the CNTs, the aspect ratios of the plate, the boundary conditions and
the elastic foundation on the nonlinear frequency response and time history of
the plate are studied. In order to validate the outcomes, the presented results
are compared with those obtained by the previously published papers as well
as ABAQUS software.

Nomenclature
K, Winkler foundations P Out-of-plane rotation
K, Foundations pasternak i Normal stresses
R; Inner radius Eii Normal stresses
R, outer radius Tij Shear stresses
h Uniform thickness Vij Shear stresses
Kg, Rotational springs in outer radius Kg, Rotational springs in inner radius
Kr, Translational springs in outer radius K, Translational springs in inner radius
A% The work done by applied forces q Harmonic pressure
U Strain energy K kinetic energy
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G™ Shear modulus of matrix
1; Efficiency parameters
v Poisson’s ratio of Matrix
pNT | Ddensity of CNT

pm Density of Matrix

AcnT | Mass fraction of CNT

GGNT | Shear modulus of CNT

vGNT | Poisson’s ratio of CNT
r, 8, z | cylindrical coordinates system

ESNT | Young’s modulus of CNT

Force resultant

Aij, Stiffness elements

N Number of discrete points

f(x;) | Value of a function

F Amplitude of the excitation

2 Frequency of the excitation

T, Independent time variables

wr, Linear frequency

wr, Nonlinear frequency

E™ Young’s modulus of matrix

ug, wy | Displacement components of the mid-
plane

Qij (i, 7| Elastic stiffness coefficients

=1,2,5)

(M,,, | Resultant moments

My,

Mr@)

W (r), | Dimensionless time response along the z,

U(r), | r,and axis

v (T)

1. Literature Review

Much work has been done nonlinear axisymmetric
forced vibrations in the past, which will be discussed
below. Mahesh and Harursampath [1] studied the
finite-element formulation based on higher order shear
deformation theory (HSDT) proposed to evaluate the
nonlinear frequency characteristics of the carbon nan-
otube reinforced magneto-electro-elastic (CNTMEE)
plates. The von Karmén type of nonlinear strain—
displacement relations was assumed. The nonlinear
fundamental frequencies for a given maximum trans-
verse deflection were obtained through direct iterative
method. Kuriakose et al. [2] performed comparison
studies for the vibration behavior of flax fiber rein-
forced composite cantilevered plates at different as-
pect ratios. Studies with aspect ratio variations were
performed and the effect of CNT fillers on the vibra-
tion characteristics of the NFC flat plates was pre-
sented. Their work is significant due to the increas-
ing use of NFCs given the universal drive towards
a better sustainable future. Kumar and Kumar [3]
presented a free vibration analysis of multiscale func-
tionally graded plates, reinforced with a carbon nan-
otube. The modified third-order shear deformation
theory with a variation in transverse displacement was
employed in their work. MATLAB code was devel-
oped for Cy finite element (FE) formulation. Sharma
et al. [4] investigated the buckling and free vibra-
tion characteristics of functionally graded carbon nan-
otubes (FG CNT) reinforced plates in the framework of
inverse hyperbolic shear deformation theory (IHSDT).
The FG CNT material constitutes PmPV matrix and
single walled carbon nanotubes (SWCNT) reinforce-
ment. Furthermore, the material properties of the con-
stituents (PmPV matrix and SWCNT) were assumed
to be temperature dependent. Zhang and Liu [5] inves-

tigated the nonlinear vibration response of a function-
ally graded carbon nanotube (CNT)-reinforced com-
posite conical shell subjected to external excitation by
a stress function method, and the motion state of the
conical shell was revealed. Also, the motion equations
of the conical shell are derived in the frame of the
Hamilton’s principle and the Von Karméan nonlinear-
ity. Afshari and Amirabadi [6] conducted a compre-
hensive study on the free vibration analysis of rotat-
ing truncated conical shells reinforced with function-
ally graded agglomerated carbon nanotubes. The shell
was modeled based on the first-order shear deforma-
tion theory, and effective mechanical properties were
calculated based on the Eshelby—Mori—Tanaka scheme
along with the rule of mixtures.

Sun et al. [7] carried out a nonlinear vibration anal-
ysis of carbon-nanotube reinforced functionally graded
composite (FG-CNTRC) cylindrical shells resting on
elastic foundations. Four carbon-nanotube distribu-
tion types, namely UD, FGV, FG, and FGX, were
considered and the elastic foundation was described us-
ing the Pasternak model. According to the first-order
shear deformation shell theory, the nonlinear govern-
ing equations of the FG-CNTRC cylindrical shells were
derived from Lagrange’s equations. Ansari et al. [8]
investigated the axisymmetric the nonlinear vibration
analysis of sandwich annular plates with FG-CNTRC
face sheets based on the higher-order shear deformation
plate theory. After validating the results of the pro-
posed approach, detailed numerical results are given to
analyze the effects of geometrical and material param-
eters on the nonlinear vibration of FG-CNTRC sand-
wich annular plates. Uspensky et al. [9] analyzed
dynamic instability of a functionally graded carbon
nanotube-(CNTs)-reinforced composite joined conical-
cylindrical shell in supersonic flow numerically. The
higher-order shear deformation theory was applied to
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describe the stress—strain state of the thin-walled struc-
ture. Avey et al. [10] presented the solution of the non-
linear free vibration problem of composite shell struc-
tures containing carbon nanotubes (CNTSs) resting on
the elastic soils within shear deformation theory (ST).
Hashemi et al. [11] investigated the nonlinear free vi-
bration analysis of in-plane bi-directional functionally
graded (IBFG) rectangular plates with porosities rest-
ing on Winkler—Pasternak elastic foundations. Equa-
tions of motion were developed by means of Hamil-
ton’s principle and Von Kéarman nonlinear strain—
displacement relations were based on classical plate
theory (CPT). Afterward, the time-dependent nonlin-
ear equations were derived by applying the Galerkin
procedure. Hashemi and Jafari [12] conducted a
nonlinear free vibrations analysis of the functionally
graded (FG) rectangular plate with fully simply sup-
ported boundary conditions analytically using modi-
fied Lindstedt—Poincare (MLP) method for the first
time. For this purpose, with the aid of Von Karmén
nonlinear strain-displacement relations, the partial dif-
ferential equations of motion were developed based
on the first-order shear deformation theory (FSDT).
Qin et al. [13] presented a unified Fourier series solu-
tion to solve the vibration problem of the functionally
graded carbon nanotube-reinforcement composite (FG-
CNTRC) cylindrical shells, conical shells and annular
plates subjected to general boundary conditions, so as
to enrich the existing research results on FG-CNTRC
structures. The first-order shear deformation theory
(FSDT) and the virtual boundary method were em-
ployed to derive the energy expressions of FG-CNTRC
structures. Ansari et al. [14] carried out a free vibra-
tion analysis of embedded functionally graded carbon
nanotube-reinforced composite (FG-CNTRC) conical
and cylindrical shells as well as annular plates using
the variational differential quadrature (VDQ) method.
Pasternak-type elastic foundation was taken into con-
sideration. Zhang et al. [15] explored the element-
free IMLS-Ritz method to compute the vibration so-
lution of thick functionally graded carbon nanotube-
reinforced composite (FG-CNTRC) plates resting on
elastic foundations. Also, the vibration frequencies
and mode shapes of the FG-CNTRC plates on differ-
ent Winkler foundations were presented. Stephan et
al. [16] presented a novel formulation for inverse fi-
nite elastostatics involving elastic bed support along
the external boundary (elastic bed boundary condi-
tion), replacing the classical Dirichlet boundary con-
dition. An unfitted strategy to compute the solution
of the mechanical problem was devised, using in the
Immersed Boundary (IB) framework and level sets to
describe the geometry. Togun and Bagdatl [17] applied
the non-local Euler-Bernoulli beam theory in the non-
linear free and forced vibration analysis of a nanobeam
resting on an elastic foundation of the Pasternak type.
The analysis considered the small-scale effects of on the
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frequency. By utilizing Hamilton’s principle, the non-
linear equations of motion, accounting for the stretch-
ing of the neutral axis, were derived. Li et al. [18] in-
vestigated the nonlinear vibration and dynamic buck-
ling of a graphene platelet reinforced sandwich func-
tionally graded porous (GPL-SFGP) plate. The in-
vestigated GPL-SFGP plate consists of two metal face
layers and a functionally graded porous core rein-
forced with graphene platelets. The effects of the
Winkler—Pasternak elastic foundation, thermal envi-
ronment, and damping were incorporated into the anal-
ysis. Parida and Mohanty [19] studied the nonlinear
vibration behavior of a functionally graded plate rest-
ing on Pasternak elastic foundation within a thermal
environment. A mathematical model was developed
based on a higher-order shear deformation theory using
Green-Lagrange type nonlinearity. The model includes
all the nonlinear terms to obtain a general form and to
present the original flexure of the plate. Shahsavari and
Boutorabi [20] investigated the damped free and forced
vibrations of single-walled piezoelectric carbon nan-
otubes under longitudinal magnetic field due to surface
effects surrounded on a non-linear viscoelastic medium
using the nonlocal Euler-Bernoulli beam theory and
multiple time scales method. They investigated the ef-
fect of hardness-linear damping parameters of the con-
sidered nonlinear viscoelastic foundation, applied mag-
netic field, and base modes for different forms consid-
ering surface effects. Sobamowo et al. [21] studied the
nonlinear vibrations of single- and double-walled car-
bon nanotubes resting on a two-parameter foundation
in a thermal and magnetic environment using nonlocal
elasticity theory. Azhdarzadeh et al. [22] investigated
the nonlinear and nonlocal thermo-elastic behavior of
a microtube reinforced by functionally distributed car-
bon nanotubes, with internal and external piezoelec-
tric layers, in the presence of the nonlinear viscoelastic-
Hetenyi foundation, and axial fluid flow inside the mi-
crotube. Hojat and Taghizadeh [23] investigated the
nonlinear dynamics of functionally graded porous an-
nular plates under varying time-dependent loads. Both
simply supported and fully clamped boundary condi-
tions were taken into account. The mechanical prop-
erties of the functionally graded plate along its thick-
ness were considered according to a modified distribu-
tion law. Ma et al. [24] studied the nonlinear subhar-
monic resonance behavior of an orthotropic rectangu-
lar laminated composite plate. The nonlinear dynamic
equations of the plate were derived using the theory
of high-order shear laminates, Von Karman/s geomet-
ric relation for the large deformation of plates, and
Hamilton/s principle. Allahverdizadeh et al. [25] de-
veloped a semi-analytical approach for the nonlinear
free and forced axisymmetric vibration of a thin circu-
lar functionally graded plate. The results showed that
the free vibration frequencies are dependent on the vi-
bration amplitudes, and that the volume fraction index
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has a significant influence on the nonlinear response
characteristics of the plate. Shadmani et al. [26] ana-
lyzed the nonlinear dynamic response of the truncated
conical shells reinforced with carbon nanotubes in a
functionally graded ceramic-metal matrix subjected to
harmonic excitation. The carbon nanotubes were dis-
tributed in three different patterns along the length
and thickness of the conical shell.

In this paper, the nonlinear forced vibrations of
annular plates reinforced by FG-CNTs with elastic
boundary conditions under harmonic loading and half-
sine pulse excitation are studied, which has not been
observed in previous studies. With the help of FSDT,
the equations of plate motion were derived using Von
Karmaén ’s nonlinear strain—displacement relations and
Hamilton’s principle. Then, the system equations were
studied using the GDQM and the natural frequencies
and mode shapes of the plate were calculated. Sec-
ondly, by applying the Galerkin method, the nonlinear
PDE:s of the plate were converted into time-dependent
nonlinear ODEs. Subsequently, the frequency response
of the plate was obtained using the method of multiple
time scales. The dynamic time response of the plate
was then calculated using the Adams-Bashforth numer-
ical method [26]. Finally, the effects of geometrical and
physical parameters on the frequency response, time
history, and phase-plane behavior of the plate were ex-
amined.

2. Governing Equations

As shown in Figs. 1 (a,b), consider an FG-CNT annu-
lar circular plate resting on Winkler (Kw) and Paster-
nak (Kp) elastic foundations with inner radius R;,
outer radius R, and uniform thickness h. The distribu-
tion of the CNTs in the plate is assumed to be graded
along the plate thickness. The origin of the cylindrical
coordinate system (r, 0, z) is placed at the center of the
plate to define the plate geometry and displacements.
As illustrated in this figure, the edges of the plate are
elastically constrained, in which the rotational springs
are represented by Kg, and Kg,, respectively, at the
outer and inner radius, and the translational springs
are denoted by K7, and Kr,, respectively, at the outer
and inner radius.

F()

F(t)

Pasternak foundation

—> Winkler foundation

12

CNT
PECN
r
AR 2asizil ()
O =BHH IR G
Kg, Hx ‘KR K,

(b)
Fig. 1. Schematic of an FG-CNT annular circular
plate with elastic boundaries a) 3D view b) 2D view.

The composite plate consists of matrix (homoge-
neous phase) reinforced with single-walled CNTs. It
should be noted that in this study, five different types
of functions are considered for the CNTs distribution
along the plate thickness. The mechanical properties
of the FG-CNT plate are as follows [27]:

En(2) = mVont(2)ESNT + V. (2) E™

2 _ Vent(2) | Vin(z) 2)
EQQ(Z) E202NT Em

n3s _ Venr | Vm
Glg(z) B G%NT Gim (3)
vi2(2) = Venr (20" + Vi (2™ (4)
vo1 (2) = 2,1121 (é)) Ex(2) (5)

p(z) = Vet (2) pNT + Vi (2) ™
(7)

VCNT(Z) + Vm(z) =1
In the above equations, EGNT, EGNT GENT | g™

and G™ represent the Young’s modulus and shear mod-
ulus with the superscripts denoting CNT for reinforce-
ments and m for matrix, respectively, n; = 1.2.3 are
the efficiency factors, vGN7 and v™ are the Poisson’s
ratio, and p“NTand p™ are the density of CNT and
matrix, respectively.

As given in Fig. 2, five different distribution types
for CNTs are considered: (I) UD type; (IT) FGA, (III)
FGV, (IV) FGO and (V) FGX, and the correspond-
ing Vonr for different types of CNTs distribution are
expressed as:

UD :‘/cnt = VC*‘NT

2z N

h) Venr
2z *

FGV :Voui(2) = (1 + ) VanT

FGA Ve (z) = (1 —

h
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Fig. 2. Distribution pattern of the single-walled CNTs along the plate thickness a) UD b) FGA ¢) FGV d)

FGO e) FGX.

% z

In which Vo is [27]:

AcnT )

VinT =
ONT A + (PCNT) _ (PC’NT) A
CNT CNT

Pm Pm

In Eq. (9) Acnr represents the mass fraction of
CNTs.

The displacements of an arbitrary point, according
to FSDT are expressed as [28]:

u (r.z.t) = ug (r.t) + zu(r, t)
v(rzt)=0
w(r.z.t) = wo (r.t)

(10)

where ug and wy are the displacement components of
the mid-plane in radial and transverse displacements,
respectively. ¢ is the out-of-plane rotation about the
f-axis. The nonlinear strain-displacement relations
based on Von Kérman assumptions are given as fol-
lows [28]:

oy

2
ew:@%g(a%) L
or

or 2\ Or

U z

epyp = —_y + -9 (11)
T T
ow

Vrz = 67’)”0 +7/}

The stress-strain relations for an orthotropic mate-

rial reinforced with CNTs are written as [28]:

Ory Qll(z) Q12(2) 0 Err

ogp | = | Qu(z) Q(2) 0 €00

Trz 0 0 QSS(Z) Yrz
(12)

where ¢ and € are the normal stresses and strains, re-
spectively, and 7 and 7 denote the shear stresses and
strains, respectively. Also, the elastic stiffness coeffi-
cients Q;; (4,j=1,2,5) are calculated from:

FE
Qi1 = %a
— V12021
Ea
Qe = 1 — w1021’ (13)
va1 By
Q2= T oo
— V12021
Qs5 = Gi3

According to Egs. (11) and (12), U the strain en-
ergy, K the kinetic energy and V the work done by
applied forces of the annular circular plate are given,
respectively, as follows:

+5
U= 1/ / (awsw +099€99+Urz'7rz)dZdA
2 A 7%
o2 (st (G ) aa
2/, wWq P\ "5
_1 Oug 1 /0wy 2 oY
_2/A<N7‘7‘<87,+2<8T) +MTT8T

0
T VU VAR Y (wo + w)
r r or
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1 +3
= 5/ /} p(2) (112+w2)dsz
AJ-3
1 )
=3 /A (Ioug + I)® + Iowg) dA (15)
V= / q wy dA (16)
A

where ¢ is harmonic pressure applied to the plate.
The force resultant (N, Ngg, Nyg), resultant moments
(M, Mgg, M) and the inertia related terms (I,, I2)
are written as follows:

Nrr -‘r% Opr
Ng.g :/ g9 dz
N, -5 Trz
A A O
=| A Ax O
0 0 Ass
ou 1 ( dwg \ 2
G+ 5 (%)

060
2
_ | Bu B | [ G+ 5(%0)
Bi2 B %o
L[ D D] f g }
Dy Da C
h
I t2 1
{ 12 }_/h P(Z){ .2 }dz
-2
(17)
In which stiffness elements A;;, B;j, and D;; are
defined as:
Aij +% 1
Dij 7% 22
+% 5 2
_ _ 2 r-
Ass = K , Qs5dz, K= 6 or 13
(18)

where k is the shear correction factor. Variation of

Egs. (14)-(16) is

+E
(SU:/ / ’ (Jrrdew+0—005509+0—T25,er)d2d14
Aty

+ / Koywodwy + K, Qo ) (9dwo )\ ) 4
A 37“ or

o (%uo 8’11}0 ad’wo (9(5’(/J
—/A (N”(ar+ar ar ) "o

(19)

14

0 1 a6
+ N@oﬂ + Meefw + Nz (arwo + 51/1>

+ Kywodwy + K, (a“’()) (85w°> dA

or or
0K = / / X ) (tdu + wow) dzd A (20)
- /A (Iouo(suo Ty A Iowodwo) dA
§V = /A qdwodA (21)

(19)-(21

By substituting Egs. ) into Hamilton’s

principle:

T
/ U — 0K — 6V] dt
0
T R,
= / / N, (20 4
0 R or or Or

00 1] 1
+ M, 81/) + Naeﬂ + Meei)

+ er (ag ) + waO5w0

8wo 85100
+ Ky (81‘ > < or )

— (Iouoauo + Lypdo + Iowoéwo)

% 85w0 )

(22)

- qdwo) rdr}dt =0

By applying integration by parts and performing
some mathematical simplification, Egs. (22) can be
rewritten in the following form:

T R, a
/O Ll <<8T (TNW) N@g) 5UQ
10 aU)() aer NTZ
* (7“ or < Ner 87‘) * or T
8211}() 1(911)0
_ waO + Kp <a’l“2 + 7"87“) )5'[1}0
oM, M,
n ( " . Nm> 50
or
32UQ 82“)0
— (I() ) (5UO — IOW()T‘dT dt =0

ot?
(23)

Mrr -

824

‘[7
T oe

By using the fundamental lemma of the calculus of
variations in Eq. (23), the equation of motion for a
relatively thick FG-CNT annular circular plate is ob-
tained as follows:

1/0 d%ug
r (87"

e @

(TNT’I“) - N@O) = IO
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1 6 awO aer NTZ
or (’“N”ar> g T Euwo

wy 10wy 0?wg
*KP(az +rar)+q—I°at2 (25)
61&47‘7« lwrr - 2”00 aQw
—N,, =Ir—— 2
or + r (ST (26)

By substituting Eqs. (17) and (18) into Egs. (24)
0 (26), nonlinear equations of motion are obtained in
terms of displacements ug, wo and :

L Loug 1 (duo)?
r Or 2r \ Or

82UO 8w0 82w0
An <8r2 o o

1 8w0 2 Ug 821/] 1 w
‘Auzr(ar) ~Aznig +Bn (a * o
- Bzz% (27)
82u0
e
1O ( [y (0w, L(0we\*) dwo |\ uo Do
r or 19 2\ or or 125779
81& 3wo 1,[} 8’[00
B G+ B
0 dug 1 (0wp\> o
*ar[f“u (&"+2<87‘> ) + A+ B
+ B227f} (28)
1 8u0 8wo
H[Aw (aﬁ (a) )
0
+ Azzf + Bi2 67/) + Bzzw} — Kywo
0w 1wy . 0? Wo
K (awﬂm) ta=lom
82u0 8w0 6211}0 1 8UO 8’(1}0
Bll<8r2 oo Trar T (a)
owo\ > o 0% 10
~Bug, <a> ~Pa 0 (a o
¥ dwo\ _ 0%
— Do 5 Ass (w + o > P 2 (29)

The boundary conditions of an annular circular
plate with inner and outer elastic boundaries are as:

At r=2R, Qrr = —Kr1w0,
M, = —Kp1v, ug =10 (30)
At r=R; Qrr = Kra2wo
M, = Kr2, up =10 (31)

To normalize the equations, the following dimen-

15
sionless parameters are defined:
o W ) R
0 — L ’ 0 h ) - RO7
R; h
b= — A= —
R,’ R,
% = bij = D, d;j D,.’
Iy I I»
Io, 14,1 —.
(To.T0.T1) (ImI . hg)
KTYRS KRvRo ka4
T‘ — K o L — % K — (o]
? Dm b Rl Dm 9 w Dm ’
k,R? R
K, = -2 = 2%
Dy, Dyh
t /Dy,
TRV, )

Finally, the dimensionless form of equations of mo-
tion are given as follows:

ann (0%ug 0w *wg  10ug A [O0wg\’
v(aﬁ T e 2 Tz on +2x(ax>
L (0T _anTo bu (0% 10y
253\ oz A2 g2 0x?2 x0x
by 0%
BT (33)
ass 82% A Owg A 61/)
A3 (AaxQ x8x+x+8x
Lo (Om 0w | A (0w Pwg | 10w oy
A Ox 0zx? 2\ ox 0x2 x Ox Ox
A (oug " 0wy 82%8770
2( ) 8:02 Oz (34)
owo\>  aws (W 0wy [ 10ug\ Owy
+)\ <6x>+)\ ;8x2+x8m Ox
o (votmg | O O | 10v duy
A \ Oz 0z 8902 ox x Ox Ox
b (00T 1000w
A \z 022 xax Oz wtto
0*wy 10wy __ 9%y
Ky (axQ +xax> =I5
bu (0%w | owe Pwy 106 A (070"
A2\ Oz Oxr Ox? x O0x 2z \ Ox
b (0T0\* b du (0% 109
2z \ Ox A2 2 0zr?2  z0x
do2 ¥ ass Owy —0%)
‘vxz‘xx(‘”“a =bom (35)
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3. Generalized Differential Quadratic
Method

Finding a closed-form solution for the current system
equations is almost impossible. Hence, the GDQM
is used to solve the differential equations of motion.
By applying the GDQM and a fourth-order differen-
tial approximation, the partial differential equations
of motion are transformed into a system of algebraic
equations that can be solved as an eigenvalue problem.
First, displacement components and their derivatives
with respect to z are approximated as a summation of
functions evaluated at all domain and boundary points
[29]:

o f(x)

ox™

N
~ Y O f(ay), i=1,.,N
Jj=1

=,

(36)

Where N denotes the number of discrete points, f (x;)
represents the value of the function at the discrete
point z;, and C’i(;n) is the weight coefficients of the
derivative of order m. To calculate the weighting coef-
ficients Cf?), the adjoint Lagrange basis functions are
used as test functions to obtain the implicit relation
for the weighting coefficients [29]:

) el s i
Ci(j) — (:ci—a?{])M () o . (t,7=1,..,N)

_ijl. i Cij t=7
(37)

whereas:
N
= H Tk — T; i=1,..,.N (38)
k=1,k#i

In addition, the higher-order coefficient matrices
are determined using the following relations [29]:

o = Zq”c}v?, i,j=1,..,N
o) = ZC(l)C,g), ij=1,..,N  (39)
Zcf,i v, ij=1,..,N

Then the axially symmetric circular plate is dis-
cretized into N points along the r-axis. Although using
uniformly spaced points is the most straightforward ap-
proach, previous studies [29] have demonestrated that
Chebyshev polynomial functions are suitable options
for calculating the discrete points, which are defined
as follows [29]:

R, —R;
2

1
p) | + Ri,

i=1,..,N
N—l ? 9 9

(40)

T = 1 — cos(
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The dimensionless form of the Eq. (40) is as follows
[29]:
R; R,—R; 1 B
ZL'ZRO+2RO|:].COS (]\flp)] —].,...,N

(41)

By means of GDQM, the system of nonlinear differ-
ential equations of motion, Egs. (33) to (35), together
with the boundary conditions, Eqgs. (30) and (31), is
transformed into a set of nonlinear algebraic type as
follows:

M) {X} = (1K), + [K]y ) {X)

Where [M] is the mass matrix, K], and [K]y,
are the linear and nonlinear elastic stiffness matrices,
respectively.

After calculating the eigenvalues and eigenvectors
by the GDQM, a polynomial function of degree n is
attributed to the mode shape vector so that it is a suit-
able approximation for the mode shape function. As a
result, the approximate analytical solution for calculat-
ing the nonlinear response of the system based on the
proposed polynomial mode shape function is presented
below:

(42)

n—2

That the coefficients a,, are unknown and are ex-
tracted using the polyfit command in MATLAB, also,
W(r) and U (7) and ¢ (7) are the dimensionless time
response along the z, r, and 6 axes of the system, re-
spectively. In order to convert the partial differential
equations into the ordinary differential equations, the
Galerkin method is applied. For this purpose, by sub-
stituting Eq. (43) into the Eqs. (33)-(35) and multi-
plying the equations by @ (x) and then integrating over
the domain of the plate, the nonlinear partial differen-
tial equations of the plate are changed to the ordinary
differential equations as follows:

CLUM) +CoU (1) + CsW (1), = Cs¥ (1) (44)
CeW (1) + C-T

() + CsW (7). + CoW (M)W (1)

+ CIOW + CllF = C(121/.1./ (7—) (45)
013U (T) + C14W (T) + 015 U (T) + ClGW (7’)2
= Ci5¥ (t) (46)
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The Ci coefficients are given in Appendix A. In Egs.
(44)-(45) and (46), the terms U (7) and W (7) are sub-
stitutingin terms of W (7). Then by inserting the terms
U (r) and ¥ (7) in the Eq. (45), finally, the nonlinear
differential equation of motion of the plate is:

d*W

dr?
where F' and 2 are amplitude and frequency of the ex-
citation, respectively, and A, B, C and D are given in
Appendix B.

+AW+BW +CW’ =DFsin(Qr) (47)

4. Multiple Time Scales Method

To investigate the forced vibrations of the system, the
annular plate is assumed to be subjected to sinusoidal
harmonic loading was assumed. Therefore, the equa-
tion of motion of the system is similar to Eq. (47).

Due to the non-linearity of Eq. (47), the method
of multiple scales (MMS) is applied for the analyt-
ical solution. Accordingly, the excitation frequency
near the first resonant frequency is investigated. Fol-
lowing the canonical approach of Nayfeh and Mook
[32], the nonlinear and forcing terms are both scaled
at order €2 to maintain a balanced perturbation ex-
pansion. This ensures that the nonlinear effects and
resonant excitation contribute simultaneously to the
modulation equations, enabling accurate analysis of
the primary resonance behavior. Indeed, MMS is a
perturbation technique that assumes the nonlinear-
ity is moderate and the response can be expanded in
terms of a small parameter. This makes it particu-
larly well-suited for analyzing weakly nonlinear sys-
tems and capturing phenomena such as primary res-
onance with high accuracy. For cases involving strong
nonlinearity, where the assumptions underlying MMS
may no longer hold, alternative approaches such as nu-
merical integration methods (e.g., direct time integra-
tion using Runge-Kutta schemes), harmonic balance
methods with higher-order approximations, incremen-
tal harmonic balance, or non-perturbative analytical
methods (e.g., shooting method, continuation meth-
ods) can indeed provide more accurate or globally valid
solutions.

For primary resonance with the approximation of
three terms, the nonlinear terms and the excitation
force must all be of the same time order (¢2). Accord-
ingly, Eq. (47) is rewritten in the following form:

J—

%TVZ +aW + eQBWQ + 62’3/W3 = EFsin(Qt)  (48)

where the coefficients of B,

4 and F" are as follows:

. B . C 3 )

Oé:‘A7 ﬂ:?7 '}/26*27 F:DF/E
(49)

The excitation frequency is assumed to be near the
primary resonance (fundamental natural frequency) of
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the system, using the term o as the detuning parame-
ter, as follows [30]:
Q=w+eéo (50)

The independent time variables T, and the re-
sponse of the system W are expanded as follows [30]:

T,=€¢"t for n=01,2 ... (51)
W =Wy (To, Th, To) + eW: (To, Th, 1)
+ €W (Ty, Ty, To) + O(€?) (52)

A series of partial derivatives concerning 7,, are
used instead of the derivatives in terms of ¢ as follows
[30]:

d
5 = Do+eDi+ € D;.
d2
-5 = D+ 2eDoDy + € (D + 2D D) (53)
0
Dp=——
T,

By substituting Eq. (51) to (53) in Eq. (48) and
separating the coefficients of €, the following set of
equations are obtained:

DiWy + w?Wy =0 (54)
D2Wy + w?Wy = —2Dg Dy Wy — W (55)
D3Wy + w?Wy = —2Dog D W, — 2Dg Do W,y — DIW,

— 2BWoW1 — AW (56)
The general solution of Eq. (54) is as follows:
Wo = A (T, Ts) exp (iwTh) + cc (57)

where A is the amplitude of the system vibration
in terms of T and T3, and the term cc is the complex
conjugate of the response.

Substituting Eq. (57) into Eq. (55):

Dng + w2W1 = —2iw (D1A) exXp (Z())
—y (A%exp (2ip) + AA) + cc

(58)

where A is the complex conjugate of A. By remov-
ing the secular terms from Eq. (58):

2iwD; A =0 (59)
By solving Eq. (59), A is obtained as follows:
A= A(T) (60)

Solution of Eq. (58) leads to the following answer:

W=

1 , _
2 (3A2exp (2iwTp) — A A) +cc (61)
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Table 1

Roperties of the matrix and the reinforcing part of the plate [8].

Base material (PMMA)

Reinforcement (CNT's)

E’”(Gpa) pm (%) U Ei?t (Tp(l)

2.5 1150 0.34 5.6466

Eg(Tpa)  GB(Tpa)  p (B%)  of)T
7.0800 1.9445 1400 0.175

Substituting Eq. (57) and (61) into Eq. (56):

1082\
DEWy + w? Wy = — <2iw (D A) + (3& - 3(26; ) A%A

1~
- §F exp (ioT)exp (iwTp )

+ Nonsecular terms + cc
(62)

The secular terms in Eq. (62) must be omitted to
have a harmonic response, hence:

32
2iw (Do A) + <3‘y - 13(252 ) A%A - lF exp (icTy) =0

[\

(63)

Considering A = %a(T2)exp (¢ (T3) i) and subsi-
tuting in Eq. (63), this equation could be rewritten
into two non-autonomous system of equations, after
separating imaginary and real terms as follows:

F
a = %sin(aTg —9)

n )0 gy

a(oTy — ¢) = ao — ( Y

F
+ %COS(UTQ —¢)

This non-autonomous system of equations must be
transformed into autonomous equations. In order to
have a steady-state response, a’ = ¢ = 0 is assumed.
Accordingly, Egs. (64) and (65) are transformed into
the following form:

(9w 1087 L\ o F?
7 24w? “ T 42

(65)

5. Results and Discussion

5.1. Validation of Results

Following the modeling, formulation of the governing
equations of the problem, and analytical solution of the
system, the validation and the results are presented.
To compare the nonlinear frequencies of the circular
plate reinforced by CNTs, only one relevant reference
was found [8], although in this reference the circular
plate is considered as a sandwich structure in which the

top and bottom face sheets are CNT-reinforced circu-
lar plates with a thickness of hy, and the middle plate
that forms the core of the sandwich structure is made of
a homogeneous circular plate of titanium alloy with a
thickness of h.. Also, the whole plate is placed on Win-
kler and Pasternak elastic substrates. The total thick-
ness of the sandwich plate is h=h.+2h;. The mechan-
ical properties of CNTSs are listed in Table 1. Also, the
efficiency parameters related to CNT's are presented in
Table 2. In addition, the properties of titanium alloy
are shown in Table 3. Table 4 compares the nonlinear
to linear natural frequency ratio (wyrwr) and also the
linear frequency (in Hz) of the circular sandwich plate
reinforced with CNTs with the uniform distribution
pattern of CNTs with girder-girder boundary condi-
tions, as reported in [8]. In comparison, the plate speci-
fications are considered as R;=2.5, R,=5, VonT=0.17,
he/hs=4, Ki,=25x12/h*, and K,=2.5x12/h?. These
results are very accurate, as can be seen from the table.

In this section, the system’s dynamic response is
validated in a specific mode. In order to validate the re-
sults of the nonlinear forced vibrations of the system, in
this part, the dynamic response of the annular plate un-
der high-amplitude harmonic loading is calculated and
compared using three methods, the analytical method
of multiple time scales, the Adams-Bashforth numer-
ical method, and Abaqus software. In this part, a
homogeneous annular plate with the clamped-clamped
boundary conditions and the mechanical properties of
E = 380GPa, p = 3800Kg/m?, and v = 0.3 are mod-
eled in Abaqus software. The outer radius, inner ra-
dius, and plate thickness are taken as 1m, 0.5m and
0.04m, respectively.

Table 2
Performance parameters of CNTs [8].
Vent m 2 13
0.12 0.137 1.022 0.715
0.17 0.142 1.626 1.138
0.28 0.141 1.585 1.109
Table 3
Mechanical properties of titanium alloy [8].
Density  Elastic Poisson’s
(Kg/m?) Modulus (GPa) coefficient
Mechanical
CRAER 4429 105.6982 0.29

properties
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Table 4

19

Validation of nonlinear to linear natural frequency ratio (wyrwr) as well as linear frequency wy, (in Hz) of the circular sandwich
plate reinforced with CNTs with a uniform UD distribution pattern.

wNL/wL
Wmaz/h'
h/R, wy, (Hz) 0.4 0.7 1

Current study 0.04 202.868 1.05269 1.15288 1.29123
8] ' 202.867 1.05272 1.15297 1.29140
Current study 0.06 273.229 1.06030 1.17380 1.32879
[8] ' 273.228 1.06012 1.17338 1.32817
Current study 0.08 328.786 1.06862 1.19662 1.36899
8] ' 328.786 1.06848 1.19611 1.36861
Current study 0.10 370.935 1.07995 1.22681 1.42235
8] ' 370.934 1.07948 1.22557 1.42019

Elements size: 0.1 m
Elements numbers: 264
Solving time: 16 seconds

Elements size: 0.08 m
Elements numbers: 348
Solving time: 16 seconds

Elements size: 0.04 m
Elements numbers: 1368
Solving time: 25 seconds

Elements size: 0.02 m
Elements numbers: 6084
Solving time: 119 seconds

Elements size: 0.01 m
Elements numbers: 23300
Solving time: 657 seconds

Fig. 3. Meshed plate in Abaqus software with different valuesof size and number of elements.

A sinusoidal harmonic load with an amplitude of
400 MPa and an excitation frequency of 2500rad/s is
applied to the plate. In the Adams-Bashforth method,
the total response time is set to 0.0lsec with a time
step of 7 x 107'° seconds. The time step was val-
idated through a convergence study, where the time
step was progressively reduced until the changes in
the computed responses (displacement amplitudes and
frequency content) became negligible. This approach
confirmed that this value provides a stable and accu-
rate solution without excessive computational cost. It
should be noted that the dynamic response of the plate
is calculated at the position of r = 0.75m.

Before presenting the Abaqus results, a conver-
gence study was conducted to examine the effect of
element size. For this purpose, S4R-type elements
were used in Abaqus and the sheet was meshed us-
ing the structured method, which provides the highest

accuracy among available meshing methods. Also, the
Dynamic/Explicit solver was employed with NLGeom:
ON mode enabled to account for geometric nonlinear-
ity. Fig. 3 shows the meshed plate in Abaqus with
different element sizes, the total number of elements,
as well as the corresponding solution times. Eventually,
Fig. 4 compares the dynamic response of the plate un-
der harmonic loading for different element size values.
As it is clear from this figure, by reducing the size of
the elements from 0.1 to 0.01m, the nonlinear dynamic
response converges to a specific curve. However, an
element size of 0.02m was selected for further simula-
tions. Because in this case, the accuracy of the answer
is high and the duration of the computer solution is
119sec, while the duration of the computer solution for
the element size of 0.01m is 657sec, which is very time-
consuming.
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0.1 T T T

=—@— Mesh size = 0.1 m
== = = Mesh size =0.08 m

008 AN N, Mesh size = 0.04 m
----- Mesh size =0.02 m

Mesh size =0.01 m

0.06 -

W(m)

0.02 -

: . | \
0.004  0.005  0.006 0.007
t(s)

-0.04 !
0 0.001

0.002 0.003 0.008 0.009 0.01
Fig. 4. Investigating the convergence of nonlinear
dynamic response of sheet under harmonic loading in

Abaqus.

Fig. 5. compares the linear dynamic response of
the plate under harmonic loading with two numerical
methods and Abaqus. As shown, the results exhibit
excellent agreement. Fig. 6. compares the nonlinear
dynamic response of the plate under harmonic load-
ing with two numerical methods and Abaqus. As can
be seen from this figure, the results are in very good
congruence.

To solve the nonlinear dynamic equations result-
ing from the method of multiple scales, the explicit
Adams-Bashforth numerical method is employed. This
multi-step integration scheme uses derivative informa-
tion from previous time steps to advance the solution
efficiently and accurately, making it well-suited for cap-
turing the transient nonlinear response near primary
resonance.

Since spring elements cannot be modeled using the
Dynamic/Explicit solver in Abaqus, and no reliable ref-
erence is available for comparing the current system,
the nonlinear governing equations are solved twice:
once using the Adams-Bashforth method with a time
step of 6 x 10710 seconds, and once using the analyt-
ical method of multiple time scales, and the answers
are then compared with each other. Fig. 7. compares
the nonlinear dynamic response of the CNT-reinforced
plate with elastic boundaries subjected to sinusoidal
harmonic loading with a dimensionless amplitude of
1500000 and an excitation frequency of 7000 using both
numerical methods, Adams-Bashforth and the analyti-
cal method of multiple time scales for the uniform dis-
tribution pattern of nanotubes. The CNT volume frac-
tion is taken as VONT = 0.28 . In this comparison, the
ratio of inner-to-outer radius and the ratio of thickness-
to-outer radius of the plate are 0.5 and 0.04, respec-
tively, and also the mechanical properties of the plate
are taken from Tables 1 and 2. Boundary elastic coeffi-
cients are set as T1 = T2 = R1 = R2 = 5000, and the
elastic foundation coefficients are as Kw = Kp = 100.
It should be noted that the dynamic response of the
sheet is calculated at the position of r=0.75m. As
shown in this figure, the numerical and analytical re-

9-25

20

sults are in well congruence.

0.06 T T T T T T T T

Adams-Bashforth (Numerical method)
————— ABAQUS (Finite element method)

W(m)

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007  0.008 0.009 0.01

1(s)
Fig. 5. Comparison of the linear dynamic response
of plate under harmonic loading with the numerical
method and Abaqus.

0.06 T T T T T T T

Adams-Bashforth (Numerical method)
---------- Multiple time scales (Analytical method)
0.04 e ABAQUS (Finite element method) ]

0.02

Wim)
=}

002 |-

0 0.001 0.002 0.003 0.004  0.005 0.006  0.007 0.008 0.009 0.01

(s)
Fig. 6. Comparison of the nonlinear dynamic response
of plate under harmonic loading with two numerical
methods and Abaqus.

L I
0.015 0.02
T

-0.8 L !
0 0.005 0.01

0.(;25 0.03 0.035 0.04
Fig. 7. Comparing the nonlinear forced response of
CNTs reinforced plate with two analytical and numer-

ical methods.

5.2. Effect of CNT Distribution

Fig. 8 illustrates the influence of the volume fraction of
CNTs on nonlinear dynamic response and phase plane
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of the reinforced plate by a uniform distribution pat-
tern of CNTs along with elastic boundaries under ex-
tensive sinusoidal harmonic loading with a dimension-
less amplitude of 1500000 and excitation frequency of
7000. In this investigation, the specifications of the
annular plate are considered as Kw Kp 100,
h/Ro = 0.04, Ri/Ro = 0.5, with elastic boundary co-
efficients T1 = T2 = R1 = R2 = 5000. Fig. 8a. Shows
that the addition of CNTs to the plate causes the fre-
quency of the time response to be increased, because
by increasing the volume fraction of nanoparticles, the
overall stiffness of the structure increases. In addition,
it is clear from this graph that the vibration amplitude
of the plate with a volume fraction of 0.12 of nanopar-
ticles is 44% lower than the vibration amplitude of the
plate without nanoparticles. By increasing the volume
fraction of nanoparticles from 0.12 to 0.17, the vibra-
tion amplitude decreases by 10%, and also by increas-
ing the volume fraction of nanoparticles from 0.12 to
0.28, the vibration amplitude decreases by 21%. Ac-
cording to this figure, it is found out that maximum
amplitude occurs at t=0.007s. Furthermore, from the
phase plane diagram in Fig. 8b. which shows a pe-
riodic movement for all three modes, similar results
regarding the vibration amplitude are extracted.

2 T T T

wy

7
“Avar?
|
0.015

L

0.025

I I L I
0.01 0.02 0.03 0.035 0.04

600 T T

400

~
~

PR w2y v Swlisipey

-

200

dwy /dt

-200 [

CECIN W W W

13T o=
- -
—_———

P

-400

-600 L I L I

(b)
Fig. 8. The effect of volume fraction of nanoparticles
on the nonlinear dynamic behavior of the plate un-
der sinusoidal harmonic load a) time response b) phase
plane.
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It is also clear from this figure that by increasing
the volume fraction of nanoparticles from 0.12 to 0.28,
the rate of fluctuations is decreased by about 2%. The
figure also shows that increasing the volume fraction of
nanoparticles has a slight effect on the frequency of os-
cillations; however, it ultimately reduces the frequency
of the structure’s vibration.

The influence of the CNT distribution pattern on
nonlinear dynamic response and phase plane of a plate
reinforced with CNTs under elastic boundaries and ex-
tensive sinusoidal harmonic loading with a dimension-
less amplitude of 1500000 and excitation frequency of
7000 is shown in Fig. 9. In this study, the specifications
of the annular plate are considered as Kw = Kp = 100,
h/Ro = 0.04, Ri/Ro = 0.5, and VCNT = 0.28 with
elastic boundary coefficients 71 = T2 = R1 = R2 =
5000. The results of Fig. 9a. show that the dynamic
response frequency of the plate with FGV and FGA
distribution patterns is higher than the rest. However,
the plate vibration amplitude with FGV and FGA dis-
tribution patterns is up to 70% lower than the others.
The behavior of the vibration amplitude of the samples
is also clear in the phase plane diagram of Fig. 9b. It
is also clear from this graph that the speed of plate
fluctuations with FGV and FGA distribution patterns
is 28% lower than that of the other configurations.

0.6

04

0.2

S 0@

-0.2

-04

-0.6

600

200 -

dw;;/ dt

-200

-600
-0.8

Fig. 9. The effect of nanoparticle distribution pattern
on the nonlinear dynamic behavior of the plate un-
der sinusoidal harmonic load a) time response b) phase
plane.
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5.3. Effect of Foundation Type

Fig. 10 shows the influence of the Winkler coefficients
on the nonlinear dynamic response as well as the phase
plane of the plate reinforced with CNTs with a uniform
distribution pattern of elastic boundaries under exten-
sive sinusoidal harmonic loading with a dimensionless
amplitude of 1500000 and the excitation frequency of
7000. In this investigation, the specifications of the an-
nular plate are considered as VCONT = 0.28, Kp = 10,
h/Ro = 0.04, Ri/Ro = 0.5, with elastic boundary co-
efficients T1 = T2 = R1 = R2 = 5000. The results
of these figures show that as the Winkler coefficient
increases, the response frequency of the system is also
increased because it increases the overall stiffness of
the system, but it does not have a great effect on the
amplitude and frequency.

1 T T T T

K =10
08 |- w

- —Kw=5000

0.6

0.4
0.2

0%

Wy

-0.2

-0.4

-0.6

-08 b

0 0.005 0.01 0.015 0.02 0.025 0.03

400 -

(I'u,\?/ dt

-400

-600 L L L L L L L
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8

(b)
Fig. 10. The effect of the Winkler coefficient on the
nonlinear dynamic behavior of the plate under sinu-
soidal harmonic load a) Time response b) Phase plane.

Fig. 11 exhibits the influence of Pasternak coef-
ficients on the nonlinear dynamic response and phase
plane of the plate reinforced with CNTs with uniform
distribution pattern of elastic boundaries under exten-
sive sinusoidal harmonic loading with a dimensionless
amplitude of 1500000 and the excitation frequency of
7000. In this investigation, the specifications of the an-
nular plate are considered as VCNT = 0.28, Kw = 10,
h/Ro = 0.04, Ri/Ro = 0.5, with boundary coefficients

22

T1 =T2 = R1 = R2 = 5000. The results show that
with the increase of the Pasternak coefficient, the re-
sponse frequency of the system increases because the
overall stiffness of the structure increases. Also, the
phase plane diagram in Fig 11b. shows that by in-
creasing the Pasternak coefficient from 10 to 5000, the
amplitude of vibrations decreases by 21% and also by
increasing the Pasternak coefficient from 10 to 50000,
the amplitude of vibrations decreases by 65%. But the
fluctuation speed range remained unchanged despite
the changes in the Pasternak coefficient.

0.6 T

04

0.2

Wy
o

-0.2

-04

-0.6

L
0.035

0.03

0.04

600

dwy/dt

-200 -

-400 -

L
-0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8
0

Fig. 11. The effect of the Pasternak coefficient on the
nonlinear dynamic behavior of the plate under sinu-
soidal harmonic load a) Time response b) Phase plane.

6. Conclusion

In this study, the nonlinear forced vibrations of com-
posite annular plates reinforced with CNTs subjected
to elastic boundary conditions under harmonic load
and half-sine pulse were analyzed analytically based
on the FSDT. To achieve this, the equations of motion
were derived based on the FSDT and Von Karmén’s
displacement—strain relations and were solved us-
ing GDQM and multiple time scales, and Adams-
Bashforth. The most important results of this research
are as follows:
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1. As the volume fraction of CNTs increases, the
frequency of the nonlinear dynamic response of
the plate under harmonic and pulse loading is
increased, and the amplitude of vibrations is de-
creased to some extent.

2. The influence of the distribution pattern of the
nanoparticle on the nonlinear forced response
of the plate under harmonic and pulse loading
showed that the FGA and FGV have the low-
est vibration amplitude among all cases, respec-
tively.

3. The effect of the Winkler’s bed on the non-linear
forced response of the plate under harmonic and
pulse load showed that increasing the stiffness co-
efficient of the Winkler bed causes the response
frequency to be increased.

4. The influence of the Pasternak foundation on the
non-linear forced response of the plate under har-
monic and pulse loading showed that increasing
the stiffness coefficient of Pasternak foundation
leads to an increase in the frequency and a de-
crease in the vibration response amplitude.
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1
11 " a22
C—lb”H” H! Hyx d
U Sz (Ha+ Hifz) =5 w4
1
— Qg ’2
03_/b . (HwHw-i-Hw /295)
ai2 7 2
- 2 H ?)\H,xd
22 ) wo
1
04:/ IoHzx da
b
17
05:/ IL1HyH,x dx
b
1
ass 22
CGZ/b (/\Q(H +H’/) 2 Hy — K H,,

+ K,(H, + H, /:r)) Hyx da

1
as55

AB

1
3 "
Cy = / a1 (2HwH;U2 + H.? /22 ) Hyx dx
b

b1
C:/(
o=\

b 7"
+ (Hqu, + H;H(p/x) )wa d

Cr = (Hy + Hy/z ) Hyx dx

23
! ail "
Cho =/ ( (HLHL, + HH o + HL )
b A
a’12 1ot
22 (H H,+H,H /x))wa dz
1
Cii = / H, x dx
b
17
Cr2 :/ Iy H? z da
b
Ci3 = b”H H! b2 g\ Hy x d
13—b )\2( + /)_Wu v T ar
1
ass
0142—/b ()\SH’)Hlpxdx
dyy
Cis :/b (/\2 (H‘I, +H\1,/£L'>
H
- )\;P (d22/l’ +ass/L )>H\p T dz
_ b1y , ;2
Clﬁ—/b <)\ (H H, +H, /2:1:)
bi2 ., 2
2x/\H )Hq, T dx
17
Ci7 = / LHy H, x dx
b
17
Cis = / LH2xdx
b
Appendix B.
A= G C1C7Cy
Cr2  C12(C2Ci3 — C1Chs5)
B_ C3C7Ch3 B C1C7C56
C12(C2C13 — C1C15)  Cr2(CoCr3 — C1Ch5)
B C1CyCy C2C10C 14
C12(C2C13 — C1Cy5)  C12(C2C13 — C1C1s5)
c-_Gs _ C1C9Cis C2C10C16
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