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Abstract

This article studies the time-dependent creep response of a rotating multi-
layered functionally graded disc with variable thickness and weak interlayer
bonding, subjected to axisymmetric thermal and moisture fields and a constant
magnetic field. The disk thickness and material coefficients are power functions
dependent on the radius. Based on the constitutive stress—strain relations,
the equilibrium formulation was developed to account for creep terms, and by
initially eliminating the creep strain, the primitive stress and displacement
fields were obtained analytically. Using Prandtl-Reuss relations for creep
modeling, a complete analytical solution was formulated, and the rates of var-
ious parameters were evaluated. Lastly, an iterative technique was employed
to track the time evolution of various field variables. The governing equations
for the static state were analytically solved to determine the initial values

Hygrothermal at zero time. Also, the creep evolution equations were solved analytically to
obtain the corresponding rate of fields. Subsequently, first the initial response
was established, and then the time-dependent behavior at successive intervals
was computed iteratively based on the evaluated rate of fields. The results
highlight the significant influence of the grading index, imperfect bonding, an-
gular velocity, hygrothermal loading, and magnetic field on the disc’s response.

Nomenclature

To Outer radius (m) o Radial stress (Pa)

i Inner radius (m) oy Hoop stress (Pa)

H, Magnetic field Oe Von-Mises equivalent stress (Pa)
T Temperature (K) Up Radial Displacement (m)

M Moisture concentration w Rotational-angular speed (Rad/s)
fr Lorentz force (N) Cij Elastic constants (GPa)

Ai Thermal modulus (N/m?K) o Thermal expansion coefficients (1/K)
¢; moisture modulus Bi Moisture expansion coefficients

v Grading index ) Density (Kg/m?)

dt Time increment (s) € Components of strain

1 Magnetic permeability (N/A?) A Imperfection coefficient

h(r) Thickness function ey Components of creep strain
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Q Thickness profile coefficient

Yo Thickness profile coefficient

xF Thermal compliance coefficient
(K.m?/W)

Y2

el Components of creep strain rate (1/s)
e Effective creep strain rate (1/s)
M Moisture compliance coefficient (m.s)

1. Introduction

ndent Functionally graded materials (FGMs) are an
advanced class of composites that have attracted sig-
nificant interest due to their ability to enhance struc-
tural performance across various industries. These ma-
terials are widely employed in fields such as aerospace,
chemical processing, electronics, and nuclear engineer-
ing [1, 2]. Rotating disks play a crucial role in many
mechanical systems, such as ship propellers, compres-
sors, pumps, and turbines. They have been widely
studied under various loading conditions and geomet-
ric configurations to enhance durability, stability, and
efficiency in engineering systems [3-6]. Additionally,
these materials are primarily used in various industries
and under natural environmental conditions, such as
humidity and temperature changes [7]. Multilayered
materials are increasingly used due to their superior
performance in controlling displacement and distribut-
ing stress compared to single-layered ones. Under var-
ious loading conditions and over time, the occurrence
of creep leads to noticeable changes in the material’s
microstructure, stress distribution, and displacements.
Therefore, evaluating creep behavior under hygrother-
mal conditions is essential to ensure the structural per-
formance and reliability of these materials.

The multiphysical behavior of different structures
has been explored in numerous published studies.
Karimi Zeverdejani and Kiani [8] established the
influence of thermal shocks on the complex ther-
moelastic modeling of a hollow functionally graded
sphere. Ganczarski and Szubartowski [9] examined the
thermoelastic stresses of FGM plates employing the
Sneddon-Lockett theorem. Karimi Zeverdejani and
Kiani [8] established the effects of thermal shocks on
the complex thermoelastic modeling of a hollow func-
tionally graded sphere. Using a numerical approach,
the stress response of an FGM shell bonded with sen-
sors and actuators under magnetic, thermal, and elec-
tric loads was studied by Saadatfar and Aghaie-Khafri
[10]. Likewise, they [7] showed that the efficiency of
a functionally graded piezoelectric sensor and actuator
varies significantly with the grading index under simul-
taneous magnetic, thermal, and electric loads. Saadat-
far and Aghaie-Khafri subsequently carried out a com-
prehensive set of studies on short-length FGM cylin-
drical shells with functionally graded piezoelectric ma-
terial (FGPM) layers. Their investigations involved
various coupled field responses, including magneto-
thermo-electro-mechanical [11], hygro-thermo-electro-
mechanical [12], and hygro-thermo-magneto-electro-

mechanical [13] behaviors. Yaghoobi et al. [14] pre-
sented a mathematical model for thermal buckling of
piezoelectric FGM plates with temperature-dependent
characteristics by utilizing a new power series Frobe-
nius approach for calculating the decoupled governing
equations for six boundary conditions. Arefi et al.
[15] developed a new neutral surface-based sinusoidal
shear deformation theory for examining FGPM plates,
demonstrating its better accuracy in predicting bend-
ing behavior. Zenkour [16] conducted an analytical
study providing a closed-form expression to describe
the stress field of a thick-walled cylindrical structure,
reinforced with piezoelectric fibers and FGM across the
wall thickness when exposed to combined thermal and
moisture effects. Harsha and Kumar [17] conducted
a study on the dynamic stability and buckling perfor-
mance of bidirectional porous FGPM plates placed on
elastic foundations, analyzingthe interaction of poros-
ity distributions, thermoelectric loads, and boundary
conditions.

Numerous investigations focused on the creep anal-
ysis of smart and FGM structures. Singh et al. [18] ap-
plied finite element modeling to investigate the creep
evolution in an FGM disc, revealing that raising the
SiCp gradient enhances stress distribution, reduces
strain rates, and extends rupture time. Sahni et al. [19]
discovered that at high-pressure or rotation, exponen-
tial profiles most effectively reduce creep effects. Ab-
dolkhani and Hashemian [20] examined creep in an aut-
ofrettage FGM vessel, showing that plastic depth and
material grading significantly affect stress and strain
trends. Using Sherby’s law, Gupta et al. [21, 22]
studied the creep evolution in an FGM annular plate
with a radial thermal gradient. Later, Dharmpal et al.
[23] presented a mathematical model to analyze steady-
state creep in an FGM rotating disc with variable thick-
ness. A creep study of an FGM disc with non-constant
thickness was provided by Deepak [24]. Under thermal
gradation, Rattan et al. [25] examined the creep per-
formance of an FGM disc. Shariyat and Ghafourinam
[26] studied creep in FGM spheres under hygrothermal
effects, showing that moisture and temperature depen-
dencies shift stress and strain distributions over time.
Hosseini Kordkheili and Livani [27] conducted a creep
study of an FGM annular plate with varying thick-
ness in a thermal environment. Dharmpal et al. [28]
presented a creep analysis for an FGM disc with non-
constant thickness. Steady-state creep in Al-SiC FGM
beams shows decreasing stress and curvature over time,
especially with higher grading index, as reported by
Golmakaniyoon and Akhlaghi [29]. Gupta and Singh
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[30] developed a theoretical model for the creep be-
havior of rotating disks, considering both homogeneous
and FGMs with non-uniform thickness profile configu-
rations. Bose and Rattan [31] performed a comprehen-
sive analysis of the creep process in a rotating FGM
disk exhibiting parabolic property variation, subjected
to thermal loading conditions. Loghman et al. [32] ex-
amined the thermoelastic creep behavior of an FGPM
annular plate. Saadatfar et al [33] investigated the im-
pacts of a heat source and convection boundaries on
the creep behavior of a rotating smart FGM disc with
variable thickness. Also, they [34] studied thermoelas-
tic creep behavior in an FGPM rotating disc, including
conduction, convection, and radiation, using the differ-
ential transformation method. The study of creep re-
laxation in FGM rotating discs with nonlinear material
gradation was conducted by Zharfi [35], revealing sig-
nificant variations in stress and strain rates subjected
to steady-state conditions. Daghigh et al. [36] investi-
gated time-dependent creep in ultra-high-temperature
FGM rotating disks with variable thickness, showing
that stress and displacement change significantly over
time across different disk geometries. Zharfi et al.
[36] performed creep analysis of thick FGM rotating
disks with 2D gradation, showing that 2D modeling
better captures stress and deformation behavior over
time. Abdalla et al. [37] employed the finite element
method along with numerical optimization to analyze
and enhance the stress response of rotating function-
ally graded annular plates.

Regarding multi-layered structures, Farukoglu and
Korkut [38] examined failure stresses in multilayered
fiber-reinforced rotating disks, showing that increas-
ing reinforcement towards the outer radius improves
strength under high-speed rotation. Akbarzadeh and
Pasini [39] examined the impact of imperfect bonding
and hygrothermal loads on multi-layered cylinders. To
evaluate thermoelastic instability in multi-layered fric-
tion discs, Suo et al. [40] created a 2D FEM model.
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Ghatage et al. [41] thoroughly examined numerical
modeling techniques for multi-directional FG beams,
plates, and shells, evaluating their benefits over typi-
cal unidirectional FGMs. Several researchers have in-
vestigated imperfect interfacial bonding in multilayer
structures. Wang [42] studied dynamic electromechani-
cal responses in triple-layer piezoelectric cylinders with
weak interfaces. Li and Lee [43] analyzed the fracture
behavior of FGPM sensors with mechanically and elec-
trically imperfect interfaces. Guinovart-Sanjuan et al.
[44] investigated the effective elastic properties of lam-
inated shell composites under weak interlayer contact
using homogenization techniques. Wang et al. [45]
explored vibration of layered quasicrystal plates with
interfacial slips. Shaat et al. [46] presented an analyt-
ical model for thermomechanical loading in multilay-
ered systems with imperfect bonding.

The literature review shows that no reported work
exists on the creep response of multi-layered FGM discs
with imperfect bonding subjected to hygrothermal en-
vironments. Therefore, for the first time, this study
uses Norton’s creep law and Prandtl-Reuss constitu-
tive relations to explore the hygro-thermo-elastic creep
evolution in a rotating multi-layered variable thickness
FGM disc considering weak interlayer bonding.

2. Equations

2.1. Basic Equations

Consider a rotating multi-layered non-uniform thick-
ness functionally graded disk whose geometric configu-
ration illustrated in Fig. 1. The bonding between the
layers is assumed to be imperfect. The disc is placed
within a hygrothermal environment, subjected to tem-
perature, moisture, and an axial magnetic field. Ax-
isymmetric conditions and the plane stress state were
utilized in the analysis. Under axisymmetric condi-
tions, all variables are independent of the circumferen-
tial direction (6).
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Fig. 1. A Multi-layered functionally graded disc.
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Also, due to the plane stress assumption, the stress
component in the axial direction is considered zero.
Hence, the nonzero components of temperature, mois-
ture concentration, and displacement are function of
radius. The disk’s thickness changes as a power-law
distribution that varies radially:

B(r) = yor® (1)
where yq is a reference thickness and €2 is the thick-
ness variation index. Since the material is functionally
graded, all of its properties, such as elastic coefficients,
density, and other relevant parameters, are assumed to
vary as functions of the radius as a power-law expres-
sion, except for Poisson’s ratio, which is assumed con-
stant. In the following function, the overbar symbols
(K) represent the material constants, and v denotes
the inhomogeneity index:

K(r) = Kr? (2)

2.2. Hygrothermal Equations

The temperature and moisture concentration distribu-
tions can be determined independently [47]. Consider-
ing the FGM properties, axisymmetric conditions, and
the absence of internal sources, the steady-state equa-
tion is governed by Fourier’s law of heat conduction
and Fick’s law for moisture diffusion, as presented be-

low [48, 49]:
<rh(r)k:T(r)?;:) =0

(rh(r)kM(r)%]\f) =0

where, T' denotes the temperature field and M rep-
resents the moisture concentration. These equations
can be rewritten using Egs. (1) and (2) as:

19 (rv+9+1kT‘9T> —0

10
ror
10
ror

(3)
(4)

()

ror or

10 oM

- Y v+Q+17. M _

r or (r k or ) 0 (6)

Integrating Eqgs. (5) and (6) twice yields:

T(r)=ar" "%+ as
M (r) =byr 7" 4 by

(7)
(8)
The hygrothermal boundary conditions and the im-

perfect bonding conditions at the interfaces between
the 4, and (i+1)s, layers are defined as follows:

Tl (T)|T=a = Ta7
To (1), =T

kT (1) 6817} . =kl (1) 3?:1 _ o
Tilyep, = Tisilpey, = X7 K] (1) % .

My ()], —q =Ma,

My, (r)],—, =M,

R0) G| =khe TR h
Mil,—,, = Mital,—,, = X" kM (7) % _—

The linear spring model was considered due to the
thermal field discontinuity, in which the parameters y!
and M represent the thermal and moisture compliance
associated with the imperfect bonding at the interfaces,
respectively [13, 50]. Under perfect bonding condi-
tions, both parameters are assumed to be zero. By
solving two algebraic systems obtained from Eq. (9),
the 2n unknown constants for the functionally graded
disk with n layers were determined.

2.3. Stress Equations

The total strain was considered as the combined effect
of creep, elastic, and hygrothermal components. Ac-
cordingly, the stress—strain relationships were formu-
lated as follows [51, 52]:

or = c11 (err —€5,) + C12 (€00 — €5g) + €13 (€22 — €5,)
—MT—GM (11)
o9 = c12 (err — €;,.) + 22 (€00 — €g) + C23 (€22 — €3,)
— AT — (M (12)
0. = ci3(err —€5,) + C23 (€00 — €5g) + €33 (€22 — €3,)
— AT — (M (13)

where, c¢;;, A; and (; represent the elastic constants
and the thermal and moisture moduli, respectively.
Also, the superscript ¢ indicates the creep strain com-
ponents. The strain-displacement and hygrothermal
modulus relations are given as:

ou

57 (14)

U
Erp = €pp = —-
r

A1 = cr1, + cra09 + c130;

A2 = 120 + C2209 + Co300; ¢,

A3 = c13Qq + Ca39 + C330r,

C1 = c11Br + 1289 + c130-

C2 = c128r + c220 + C233.

(3 = c138 + ca3By + c33.
where, o; and ; denote the thermal and moisture ex-
pansion coefficients, respectively. Concerning the plane

(15)
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stress state (o, = 0) and the disk’s functionally graded
nature, Eqs. (11)-(10) can be rewritten as follows:

0
o Cﬂ”—u + CQT’Y% — N T — T M

or
— Crr7es, — Carlegy (16)
ou
o = Elrva— + Egr7 -\, P — Chr M
— Eyriel, — E2r7699 (17)
Where
2
Ci=c1— Cﬁ, Cy=FEy=cia— 013023,
C33 €33
2 e
E2—022—62*37 )\/1:)\1—013 2 (18)
C33 33
A
Ny=dg— BB — - c1ss.
C33 C33
c23(3
Cz = CQ -
c33

The Lorentz force is formulated based on the fol-
lowing equations [53]:

h=V x(ixH),

- —_? —

E=—(u xH)p, (19)
- dE .

J = EeE—FVXh,

f=(xH)u

The Lorentz force induced by the applied axial mag-
netic field is expressed as follows:

0%y 10u u
2 JR—
Jr = pH: (37“ +7‘3r 2)

: (20)

The nonzero terms of the equilibrium equation for
the disc are as follows:

O(hr)ey) | o (oe=0)

2 _
o " + h(r)prw” 4+ h(r)fr =0

(21)

Substituting Egs. (20), (16), and (17) into Eq. (21)
yields the following result:

82u M1 8U M2 8T
il 2= Mar? YT £ (Mar?) =—
(“)7“2+ roor T 3 +( 6T)3r
+ Mor" M

oM ) O¢e€
+ (Mi2r7) B — Mygr + Myyr— ey, + Mig—"

r or

: 0¢§

+ Misr~'egy + Mg “06 (22)

or

95

Where,
M_;JH§+(7+Q+1)01
T pH? 4+ C4 ’
M:(’Y‘FQ)Cz—Ez—ﬂHg
2 pH? + C4
27+ Q4+ 1) N — A A
My = My = —"1
3 [LHZ2+01 ’ 6 ﬁHg-FCl
2y +Q24+1)¢ -G G
Mgy = Mg = —>—
’ RHZ+Cy T pHZ+ Oy
2
pw v+Q+1)C —
Mis = ————— M, =
YT pHZ Oy " AHZ+Cy
(’7+Q+1)CQ—E2
M15 - ﬂHz n Cl ) (23)
CQ CVl
M = — M - =
6T IHZ £ 0y T LH?2 4+ C

3. Solution

3.1. Initial Solution

Neglecting the creep strain terms in Eq. (22), one can
write:

(9211/ M1 ou M2 oT
R ckink S = Msr" YT + Mgr? =—
or? r Or 72 2 37 + " or
M
— Mysr + Mor? ™Y M + Myor? =— 0 (24)

Replacing Egs. (7), and (8) into Eq. (24) gives:

0%u M, O0u M
W—F%E—’—Ju_ (M301+M6611( ’V—Q)
+ Mgbl + Mlgbl (7’)’ — Q)T'7 -

+ (Mzag + Mgbs) r7 ™1 — Myar

(25)

The solution to the above equation is expressed as
the homogeneous (general) solution plus a particular
solution:

(Bl’l“

U=ug+up = + Bar™2)

Ug

+ <B37"_Q+1 + Byr"™ + Brr®) (26)

Up

where, B; and By are unknown values, and we have:

mys = % (- (My — 1) £/ (M; — 1) _4M2> ,

_ Msay +Mgai (—y — Q)+ Mgby + M12b1 (—y — Q)
(—Q4+1)° = (=Q+ 1)+ M, (—Q+ 1)+ M,

(Msag + Mybo)

(VD) + M (y+ 1)+ My

(v+1)" -
— M3

By—— 13
T 6+ 3M, + M

(27)
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Now, Egs. (16) and (17) can be reformulated using
Egs. (7), (8), and (26):

o, = (Cymy + Cy) Byrtmai—t

+ ((C1 (=2 + 1) + Cy) Bs — Njay — (1by) 7™
+((C1 (Y +1) + Ca) By — Nag — ¢1bg) 7 (28)
+ (3C1 + C3) Br ™2 + (Cyma + Co) Bor? 2!
o9 = (Eymy + Eo) Byt (29)
+ (B (—Q+1) + E2) Bs — Ayay — Goby) 77 ™%

+ ((Er (v 4 1) 4 Es) By — Myas — (3bo) r*7v

+ (3E1 + E2) By 2 + (Eymg + Ep) Bor?tm2—1
The disc can be subjected to different mechanical

boundary conditions. For example, the clamp-free con-
dition can be defined as follows:

ut (a) =0,

O'ﬁn)(b) =0. (30)

Imperfect interlayer bonding leads to the follow-
ing interface conditions between s, and (i + 1),, layers
[13]:

o (r;) = i+ (ry),

} | | 31
uffﬂ)(m) i u7(41) (7'1) — X;‘o'fj) (7"1) ( )

The unknown constants for each layer, denoted as
B and By(), can be calculated by solving the re-
sulting system of 2n algebraic equations for the un-
knowns. The solution of this system yields initial field
values at t=0.

3.2. Creep Solution

Under steady hygrothermal conditions, differentiating
Eq. (22) with respect to time gives:

0% M, 0u M, &S
- - - =M —1_:c M rr
or? + r Or + 2 wr ey My or
. 0¢&§
+ M15T71€§9 + Mg 06 (32)

The creep strain rates are expressed by the Prandtl-
Reuss relations as:

~C
e _€e<a_ _094—02)
= .
rr 0,6 2
O P
06 0. 9

E'c _é o _UT+09
zz O z 2

Here, &5 denotes the creep strain rate, €¢ represents
the effective creep strain rate, and o. corresponds to
the effective stress. The creep behavior is described
using Norton’s law, expressed as follows:

¢ = B(r) o™ = (bgr"*) o0 (34)

e

The parameters ng, by, and by are constants. Con-
sidering the plane-stress state, Egs. (33) results in:

-c b1 no—1
g =bor’tol°~" (o, — 0.509)

€59 = bor®* o™~ (g9 — 0.50,.) (35)
égz = _borbla'g()il (eir + 659)
The equivalent stress, according to the Von-Mises
criterion, is given by:

Ocq = \/ 02+ 03 — 0,09 (36)
The solution to Eq. (32) was given by:
U= DlT‘ml + .DQ’I"m2 + Gl(T')T'ml + GQ(T)Tmz (37)

The functions G (r) and Go(r) can be determined
using the variation of parameters method, as follows:

1 iy
Gi(r) = o / {

O¢€¢
—1-c 1 -c
(M14r €0+ Mizr—" 4+ Mysr™ €5y

or

0cgy
+M16 or }d’l" (38)

1
Gao(r) = _7m2 — /{r1m2

. ¢
(M147“_1€$T + My

-

T —1_-c
+ Misr™ ¢

or 09

~C
+ M16 8899 }d?“
or

The derivative of Egs.
gives:

(16) and (17) with time

G = C’ﬂ”% + Cgr“*% — Cyres, — Corégy  (39)
@
or
At last, substituting Eq. (35) and (37) into (39)
and (40) yields:
0.'7’ = (Clml (Dl + Gl) + CQ (Dl -+ Gl)) T’Y+m171
+ (C1ma (Dg + Go) + Cy (Dg + Go)) M2t
9G, Y+ma 9G Y+me
+<Clar>r + Clar "
— (Cl (UT — 0.509) + Cy (0'9 — 05CT7~))
r’Y+b1 boO’QO_l
0g = (E1m1 (Dl + Gl) + Ey (D1 + Gl)) pytm—l
=+ (E1m2 (D2 + Gg) + Eo (DQ + Gg)) T’Y+m2_1

+ Elﬁ pYtm 4 E1% pYTme
or or
— (E1 (0, — 0.50¢9) + Es (09 — 0.50,.))
T’Y+b1 bOO.ZO*l

Go = Eyr 22 4 Ezwg — EyreS, — Egr'égy  (40)

(41)
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The unknown coefficients are determined through
both the interlayer and boundary conditions. Since the
boundary conditions at the inner and outer surfaces of
the FGM disc remain unchanged, one can write:

Y (a) =0, ™ () = 0. (43)

Furthermore, the time derivative of Eq. (31) leads
to the following interlayer conditions:

o\ (r:) = 61V (1),
Wl () — al (ry) = X6l (i)
Similar to the previous section, the resulting system
of 2n algebraic equations can be formulated to find the
unknown constants. Knowing the rates of various fields
to get the history of them throughout the creep pro-
cess is necessary. Initially, an appropriate time incre-
ment (dt(¥) must be selected to define the progression
of time steps throughout the creep analysis. One way

to display the total time after the myy, step time is as
follows:

(44)

m
ti=y dt® (45)
k=0
At each time step, the rates of various fields are cal-
culated using the known values from the previous step.
Finally, the iterative update at the my; time step can
be described as follows:

Dy (1) = Pon—1) (P tim—1) + S (n—1) (7, tm—1)dt (),
(46)

It should be mentioned that iterative methods typ-
ically solve the creep evolution equations using incre-
mental time steps and update material properties it-
eratively. The computational cost of these methods is
much lower than that of other numerical methods, such
as finite element methods. It requires small time steps
for accuracy and stability. Therefore, for simple bound-
ary conditions, idealized shapes and straightforward
material laws (such as Norton’s law) are a good choice.
Convergence is typically ensured through proper incre-
mental time integration. For example, the backward
Euler method is recommended for creep because it is
unconditionally stable. Also, using an adaptive time-
stepping algorithm can help adjust the time step if con-
vergence is slow.

¢ = u, 0, 0g

4. Numerical Results

This section presents several numerical examples to ex-
amine the influence of various parameters on the stress
distribution and deformation of the disc. The mate-
rial properties used are listed in Table 1. The fol-
lowing non-dimensional variables were employed in the
graphs:

r—r;

R=-—"

To — T3

* _ O-Tﬂ ’U,* — &
C11 Tq

(47)

o7

A multi-layered rotating functionally graded disc
with inner and outer radii of 0.07m and 0.35m was
considered for the analysis. The numerical examples
are based on the following parameter values:

T, =0, T, = 50(K),

M; =0, M, = 3%,

w = 507 (rad/s) (48)
Yo = 0.027(m), Q= —0.55,

H, =5 x10%(A/m), dt =1 x 107(s).

As highlighted in Fig. 2, to validate the calcula-
tions, the findings were compared with the reported
work on the static behaviors of a single-layer FGM disc
[2, 54] displays a good agreement between the results
for the radial stresses.

12
10 TSRO
@/’ 2,
S
8 # A% g
- 4 .
£l \
B: ? Present, y=0.5 @\O
4 </S‘ — Present, y=0
o Ref[2],vy=0.5
/ X Ref. [54],7=0.5
2 o Ref[2],y=0
A Ref [54],y=0
¥a 0.5 0.6 0.7 0.8 0.9
R/r,

Fig. 2. Validation of results.

4.1. Creep (2D & 3D)

Fig. 3 illustrates the time-dependent creep redistribu-
tion of various fields. In this case, a four-layered FGM
disc is analyzed with properties and loadings defined
according to Eq. (48). Over time, radial stress in each
layer decreases, with a diminishing rate of decline. The
peak radial stress gradually shifts from the inner radius
toward intermediate radii and layers. The peak hoop
stress at the outer layer diminishes gradually with time.
Moreover, the jump in hoop stress at the interlayers re-
duces as creep progresses. Similarly, equivalent stress
in all layers shows a consistent reduction, with interfa-
cial jumps diminishing over time. In the static state,
the maximum equivalent stress occurs at the outer ra-
dius of the inner layer, but due to creep, it shifts to the
outer radius of the middle layer. Radial displacement
increases with time, reaching its maximum at the outer
boundary. For clearer insight, these distributions are
also depicted in Fig. 4.
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4.2. Angular Velocity

The effect of angular velocity on both static and creep
states is shown in Fig. 5. In this case, dt = 1 x 108
and the other used parameters are as before. Radial
stress increases with angular velocity, and the rate of
this increase accelerates under both static and creep
conditions, meaning it rises more with greater angular
velocities. Given the brittle nature of FGM materials,
particular care must be taken when the hoop stress
becomes positive (tensile). In the static case, the max-
imum equivalent stress is located at the inner radius
and grows progressively with angular velocity. Under
creep conditions, the location of maximum equivalent
stress initially lies at the outer radius for low angu-
lar velocities but shifts toward intermediate layers as
the velocity increases. Additionally, in both cases, the
interlayer stress jump diminishes with higher velocity.
Overall, an increase in radial displacement is also ob-
served with rising angular velocity.

4.3. Magnetic Field

The impact of the axial magnetic field on the static and
creep responses of a four-layer FGM rotating disc was
investigated. As a simplifying assumption, it is consid-
ered that Hi= Hyzx10%. The parameters used are the
same as previously. As shown in Fig. 6, radial stress
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increases with higher magnetic field. In the static state,
the maximum increase occurs at the inner radius of
the innermost layer, while during creep progression,
this peak shifts toward the outer radius of the inner
layer. Stronger magnetic fields lead to a maximum
hoop stress at the outer radius of the inner layer and
elevate hoop stress across all layers. Moreover, in both
static and creep states, increasing the magnetic field
intensifies the tensile hoop stress at the inner radius,
potentially promoting crack initiation and growth. The
equivalent stress increases with the rise in axial mag-
netic field magnitude. In the creep situation, the max-
imum equivalent stress occurs in the middle layers un-
der lower magnetic fields, while higher magnetic fields
shift it toward the inner layers. In addition, the plots
indicate that radial displacement increases with higher
axial magnetic field magnitude.

4.4. Hygrothermal Loading

Fig. 7 illustrates the influence of hygrothermal load-
ing on the static and creep responses of the disc, with
all other parameters kept unchanged. Radial stress in-
creases with rising hygrothermal loads, initially reach-
ing its maximum at the inner radius of the inner layer
initially, then shifting toward the outer radius of the
same layer as the creep develops.
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Fig. 5. Influence of angular velocity in both static and creep states. v3 = 0.25, 72 = 0.5, 3 =0.75, 74 =1. .
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Increased hygrothermal loading also amplifies the
tensile hoop stress at the inner radius, which is critical
given the brittle nature of FGMs and the risk of crack
initiation. Additionally, the maximum hoop stress at
the outer radius rises with higher hygrothermal loads.
Equivalent stress similarly increases, accompanied by
a more pronounced interlayer stress jump. Radial dis-
placement grows under both static and creep condi-
tions, with its peak occurring at the outer radius due
to the clamp-free boundary condition. The graphs also
indicate that moisture concentration rises with increas-
ing hygrothermal loads. For brevity, temperature plots
have been excluded, as temperature and moisture fol-
low similar trends and governing equations.

4.5. Imperfect Bounding

Fig. 8 displays the effect of imperfect bonding on the
behavior of the multilayer FGM disc. As before, the
same parameters were used. To simplify the analysis,
uniform bonding imperfections were assumed across all

4

w14

]

104

61

interlayers. The imperfection constants were defined
asy" = 9x10713A4, yT' =5x10734, yM =5x1073A.
According to the graph, radial stress decreases with
increasing imperfection coefficients in both static and
creep situations, with the static case exhibiting a more
significant reduction. Additionally, the creep hoop
stress is largest in the outer layer and reduces as the
imperfection coefficient increases. Similarly, the equiv-
alent stress decreases with greater imperfection coef-
ficient. The radial displacement graph indicates that
weak bonding leads to increased displacement in the
outer layer and reduced displacement in the inner layer.
As expected, imperfect bonding introduces noticeable
jumps in the displacement profile at the interlayer in-
terfaces, which become more pronounced with higher
imperfection coefficients. A similar discontinuity is ob-
served in the temperature distribution, where temper-
ature rises in the outer layer and drops in the inner
layer due to interfacial imperfections. Moisture con-
centration follows a similar trend to temperature but
is omitted for brevity.
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Fig. 8. Influence of imperfect bounding in both static and creep states
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Fig. 9. Influence of grading index in both static and creep states.

4.6. Grading Index

Fig. 9 highlights the effect of the grading index on the
behavior of the multilayer FGM disc. The dt = 2 x 10°
considered as the analysis time. The maximum ra-
dial stress in both static and creep states occurs at the
lowest grading index, while the minimum values corre-
spond to the highest index. The maximum compressive
hoop stress is concentrated at the outer layer, but the
maximum tensile hoop stress is found near the inner
layer when the layers are given the lowest grading in-
dex. In contrast, assigning a high grading index results
in a more uniform hoop stress distribution and reduced
interlayer jumps. The equivalent stress increases with
a lower grading index, whereas higher values lead to a
reduction. As seen, a higher grading index is required
to decrease the radial displacement. Overall, the re-
sults indicate that appropriate selection of the grading
index for each layer allows effective control of stress
and displacement fields under both static and creep
conditions.

5. Conclusion

Considering imperfect interlayer bonding, this paper
presents a detailed analytical investigation of the time-
dependent creep behavior of a functionally graded
multi-layered rotating disc with variable thickness,
subjected to hygrothermal and axial magnetic field
loadings. The redistribution of stresses and radial
displacement over time was evaluated using Prandtl-
Reuss relations and Norton’s creep law. The following

conclusions can be listed based on the numerical re-
sults:

1. During creep evolution, radial, hoop, and equiv-
alent stresses decrease across all layers, while
radial displacement increases. The locations of
peak radial and equivalent stresses shift outward
over time.

2. Increasing angular velocity leads to elevated ra-
dial and equivalent stresses, as well as higher
radial displacement. The position of maximum
hoop and equivalent stresses transitions from the
outer layer toward intermediate layers with in-
creased angular velocity.

3. Axial magnetic fields amplify radial and hoop
stresses, equivalent stress, and radial displace-
ment. The tensile hoop stress at the inner radius
becomes more pronounced under stronger mag-
netic fields, increasing the risk of crack initiation
and growth.

4. Higher hygrothermal loads intensify all stress
components and radial displacement. Particu-
larly, the tensile hoop stress at the inner surface
and the interlayer stress jumps rise significantly,
which are critical due to the brittle nature of
FGM materials.

5. The presence of bonding imperfections reduces
stress magnitudes and radial displacement. The
effects and interlayer jumps become more promi-
nent with increasing imperfection coefficients,
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also affecting temperature and moisture gradi-
ents.

. The grading index has a critical influence on

the stress and displacement distributions. Lower
grading indices lead to higher stresses and larger
displacements, while higher indices promote uni-
form stress profiles and reduce interlayer jumps.
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